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Abstract
Let (A, B) € C**" x C™*™ and M be an (A, B)—invariant subspace.
In this paper the following results are presented: (i) If M NIm B = {0},
necessary and sufficient conditions for the Lipschitz stability of M are
given. (ii) If M contains the controllability subspace of the pair (4, B),
sufficient conditions for the Lipschitz stability of the subspace M are
given.
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1 Introduction

Given the pair of linear maps A : C" — C" and B : C"™ — C", a subspace M
of C™ is said to be (A, B)—invariant if A(M) C M +1Im B, where Im B is the
image subspace of B.

We use the operator norm induced by the Euclidean norms on C™ and C",
and 6 denotes the gap distance between subspaces. Let A : C* — C™ be a
linear map. An A—invariant subspace N of C" is said to be Lipschitz stable
if there exist K,e > 0 such that every linear map A’ : C* — C" that satisfies
|A” — A|| < € has an A’ —invariant subspace A/ for which

N, N) < K||A" - A].

A generalization of this concept was given in [4, Theorem 15.8.1, p. 468]: An
(A, B)-invariant subspace M is said to be (A, B)— Lipschitz stable if there exist
positive constants K and ¢ such that every pair of linear maps (A’, B’) that

satisfies
A"~ Al +|B' - B <«
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has an (A’, B")—invariant subspace M’ for which the inequality
oM, M) < K(|A"— A|| + ||B" - BJ|)

holds.
An open problem is to characterize the Lipschitz stable subspaces of a pair.
Some partial results are:

e In [4, Theorem 15.8.1, p. 468] it can be seen that when the pair (A, B) is
controllable, every (A, B)—invariant subspace is Lipschitz stable.

e In the paper [8] the following result was proved: if dim M+dimIm B > n,
then M is Lipschitz stable.

The characterization of the Lipschitz stable invariant subspaces of one linear
map A : C" — C™ was given in 1978 and 1979 (see [4, Theorem 15.5.1, p. 459]
and references therein). This theorem can be reformulated in the following
terms.

Theorem 1.1 Let A : C™* — C" be a linear map and let M be an A—invariant
subspace. Denote by A |sm the restriction of A to M

Al : M = M.

Then, M is A—Lipschitz stable if and only if for each eigenvalue A of A,
the equality
Ra(Alm) =Ra(A)

holds, where by Ra(A) := Ker(A — A)™ we denote the root subspace of A
associated with the eigenvalue .

The organization of this paper is as follows. In Section 2 the statements of
the main results are given. A matrix reformulation of the concepts of invariant
and Lipschitz stable subspaces are settled in Section 3. In Section 4 a matrix
reformulation of the main theorems are given. The proof of these theorems is
the content of Sections 5 and 6.

2 Main results

For stating the first result, we are going to make some considerations. Given a
pair of linear maps A : C* — C® and B : C™ — C", let C(A,B) = Im B +
Im(A o B) +--- + Im(A™! o B) be the controllability subspace of the pair
(A, B). Let K be a subspace of C" such that C" = K & C(A, B). We will
consider the projector mx on K along C(A, B)

e : C" — K.
Thus, Immc = K, and Kermx = C(A, B). Let us consider
A =(rgoA) |k : K=K, and My :=m(M). (2.1)



The subspace M; is Aj—invariant (see [7], p. 402, Remark 1). Therefore, we
can consider the endomorphism

Al‘Ml :<7TK:OA)‘7T)C(M) :7T;<(M)—>7TK;(M), (2.2)
and the quotient endomorphism of A, with respect to M1
K K
Pe— — —.
My My
Let £ be an (A, B)—-invariant subspace. By [4, Theorem 6.1.1] there exists a

linear map F' : C* — C™ such that £ is (A + BF)—invariant. We will denote
by A(A) the spectrum or set of eigenvalues of A.

A,

(2.3)

Theorem 2.1 Let A : C* — C", B : C™ — C"™ be linear maps. Let M be
an (A, B)—invariant subspace such that M NIm B = {0}. Then the subspace
N = MnNC(A, B) is (A, B)—invariant. Let F : C* — C™ be such that N is

(A + BF)—invariant. Let us consider the restriction
(A+BF)|NSN*>N.

Then the subspace M is (A, B)— Lipschitz stable if and only if
[A((A+BF)x) UA (A1 1)) 1A (A1) = 0.

Remark 2.1 The statement of this theorem does not depend on the choice of
K (see [7], p. 402, Remark 2) and F' (see [8], p. 18, Remark 2.1).

Before stating the second theorem we introduce some notations.

A= {X e A(A)|{0} # RA(A1) N My # Ry(A1)},
H = ®reaRr(A1),

My = @rea(Ra(A1) N My).

Ra(A1) being the root subspace associated to the eigenvalue \. With these
notations we have the following result.

Theorem 2.2 Let A:C" — C", B : C"™ — C" be linear maps. Let M be an
(A, B)—invariant subspace such that M 2 C(A, B) and

dim H — dim Ml <rank B.

Then the subspace M is (A, B)— Lipschitz stable.

3 Notations and preliminary results

By GL,(C) will denote the general linear group formed by the n x n invertible
matrices over C. We are going to reformulate in matrix terms the concepts of



invariant and Lipschitz stable subspace (see [8]). A linear map A : C" — C"
(or a pair of linear maps A : C" — C" and B : C™ — C") will be identified
with a matrix A € C™*" (or with a pair (A, B) € C"*™ x C"*™), that is its
representation in some bases. Also, each subspace M of C™ can be represented
by a matrix, X, called a basis matriz, whose columns are linearly independent
and generate M. This fact will be denoted by M = (X). Note that if YV is
another basis matrix of M, then Y = X P for some invertible matrix P. Taking
into account these remarks, the concept of invariant subspace will be stated in
the following way.

Definition 3.1 Let (A4, B) € C"*"™ x C"*™ be a pair of matrices. Let M be
a subspace of C™ of dimension p. The subspace M is called (A, B)—invariant
if there exist matrices X € C"*P, H € CP*P and U € C™*P such that X is a
basis matrix of M and AX = XH + BU.

This definition enables us to make a reformulation of the concept of Lipschitz
stability of an (A, B)—invariant subspace in terms of limits of sequences of
matrices. To do so, we will use the following result on the convergence of a
sequence of subspaces that one deduces straightforwardly from ([2], section 1.5,
p. 29-31), ([4], Theorem 13.5.1) and ([3], Theorem I-2-6).

Proposition 3.1 Let M be a p-dimensional subspace of C". Let {M4}2; be
a sequence of subspaces of C™ that converges to M in the gap metric. Then, for
each X € C"*P, basis matriz of M, there exists a sequence of matrices { Xq}g2q
converging to X, two positive constants K1, K, and a positive integer qq, such
that for ¢ > qo, Xq4 is a basis matriz of My, and

K[| Xy = X[ < 0(Mg, M) < K| X, — X]|.

From Definition 3.1 and Proposition 3.1, we can reformulate the concept of
Lipschitz stable subspace in terms of the convergence of sequences of matrices.
The result is the following one.

Proposition 3.2 Let (A, B) € C"*™ x C™*™ be a pair of matrices and let M
be an (A, B)—invariant subspace such that dim M = p. Then, the following two
assertions are equivalent.

(i) M is (A, B)—Lipschitz stable.

(ii) For every basis matriz X € C"*P of M, and for every sequence of matriz
pairs {(Aq, By)}g21 converging to (A, B) when q — oo, there are sequences of
matrices {Xy}021, {Hy}oly and {Ug}g2,, a constant K > 0, and an integer
qo > 1, such that for q > qo,

o X, is a matriz of rank p,
e the subspace (Xg) is (Aq, Bg)—invariant and Ay Xy = XqHy + B,Uy,
o [ Xy = X[ < K(|[Aq = All + 1By = B)).-



In addition, if

- (h).

then for ¢ > qo we can choose X, such that
I
w0 ().
()

Remark 3.1 Definition 3.1 and Proposition 3.2 have their equivalents for the
case of square matrices, taking B = 0.

where Yy, — 0 when g — oo.

We are going to see some results that will simplify the statements of the
theorems in the previous section and some proofs. The first is the following
one.

Proposition 3.3 Let (A, B) € C"*" x C"*™. Let (A, B) € C™" x C"*™ pe
a pair feedback equivalent to (A, B); that is to say,

(A,B) = (PAP™!' + PBF, PBQ)

with P € GL,(C), Q@ € GL,(C) and F € C™*™. Let M C C"™ be an
(A, B)—invariant subspace. Then, M is (A, B)—Lipschitz stable if and only
if PM is (A, B)— Lipschitz stable.

Proof. First, let us suppose that PM is (A, B)—Lipschitz stable. Let X be a
basis matrix of M, so Y = PX is a basis matrix of PM. Let {(Aq, By)}72; be
a sequence of matrix pairs that converges to (A, B). Since

{(Ag. By)}o2y ={PAP™" + PB.F, PB,Q}>, converges to (A, B),

by Proposition 3.2, there exists a sequence of matrices {Y(I}gil converging
to Y and a positive integer go, such that for ¢ > ¢o the subspace (Yy) is
(A,, By)—invariant and

IYq =Yl < K(|[Ag = All + | B, — Bll). (34)

Let X, := P7'Y,. Now, for ¢ > qo, the subspace (X,) is (A, B,)—invariant,
and
1% = X[l = |[P71Y, = PTY | < [P Y, — Y.

By (3.4), for ¢ > qo,
1Xq — X|| < K| P7Y|([Aq — Al + [ B — BI}). (3.5)

Since

|4, — A |PA,P~' + PB,F — PAP~' — PBF||
1P 1 Aq = AP+ [PIHIB, — BIHIF|

Ki([[Aq = Al + 1By = B, (3.6)
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and -
1B, — Bl < |P| Q] |Bs — B, (3.7)

introducing inequalities (3.6) and (3.7) in (3.5), we deduce that there is a cons-
tant Ky > 0 such that for ¢ > qo,

X = X|| < Ka([[Ag = All + [|1Bg = BI])-

Hence, by Proposition 3.2, the subspace M is (A, B)—Lipschitz stable. The
converse is proved in a similar way. O

By means of similar arguments to the ones used in the proofs of Proposition
3.4 of [8] and Proposition 3.3 of [5], we infer the next assertion and proposition.

Assertion 3.1 To study the Lipschitz stability of the (A, B)—invariant sub-
spaces M there is no loss generality if we consider that B has full rank.

Proof. Let @ be an invertible matrix, such that BQ = [B,0], with B of full
rank. By Proposition 3.3, M is (A, B)—Lipschitz stable if and only if M is
(A, [B,0])—Lipschitz stable. Therefore, we must prove that M is (A, [B,0])-
Lipschitz stable if and only if M is (A, B)-Lipschitz stable.

Firstly, let us suppose that M is (A, B)—Lipschitz stable. Let us consider
a sequence of matrix pairs {(Aq, [By, €g])}e2, converging to (A,[B,0]) when
q — oo. Let X be a basis matrix of M. Then we have (A,, B;) — (A, B)
when ¢ — oo. Thus, by Proposition 3.2, there exist sequences of matrices
{ X321, {Hy}g2 1 and {U,}52,, and an integer o exists such that for all ¢ > qo,
Ag Xy = XoHy + Bqu and besides X, = X when ¢ — oo. From here, for all
q > qo, we have A,X, = X,H, + B,U, + ¢,0. Hence, by Proposition 3.2, the
subspace M is (A4, [B,0])—Lipschitz stable. The converse is proved in a similar
way. O

Proposition 3.4 Let (A, B) € C"*" x C™*™ be a pair of matrices and let M
be an (A, B)—invariant subspace. Then the following statements are equivalent.

(i) The subspace M is (A, B)— Lipschitz stable.
(ii) For each A € C the subspace M is (A + A, B)—Lipschitz stable.

Proof. Taking A = 0, we prove (ii)=-(i). In order to prove the reverse implica-
tion, let X be a basis matrix of M, let A € C, and let {C,}72; be a sequence
that converges to A+ AI,,. Then, since {C; — I, }32; converges to A, by Propo-
sition 3.2, there exist sequences of matrices {X,}72; converging to X, {H,}72,
and {U,}32;, and a positive integer go, such that for all ¢ > qo,

C,X, = X,(H, + A,) + BU,.

Therefore from Proposition 3.2 we deduce that the subspace M is (A+ AL, B)—
Lipschitz stable. O



For any positive integers p and ¢ we denote by 0,x, the p x ¢ zero matrix.
Given a pair of matrices (A, B) € C"*"™ x C"*™ we denote the set of all
sequences of pairs of matrices that converge to (4, B) by CS(A, B).

We will say that a set G C CS(A, B) is a Lipschitz generator subset of
CS(A, B) if for every sequence

{(Ag, By)}g21 € CS(A, B),

q=1
there exist sequences
{(Ag,Bg)};2, € G and {(Py, Qq, Fy)} o2, converging to (1, I, Omxn),

and there exist a positive integer number gg and a constant K > 0, that depends
on the preceding sequences, such that for ¢ > qo,

Ay = P APt + PyB,Fy,
By = Pququ
max{[|Py — Ipl], [|Qq — Imll, [ Fyll} < K(|[[Aq — All + [|Bq — BJ)).

With the preceding notation we have the next proposition.

Proposition 3.5 Let (A, B) € C"*"xC™*™ be a pair of matrices, and let M be
an (A, B)—invariant subspace and X a basis matriz of M. Let G be a Lipschitz
generator subset of CS(A, B). Then the statements below are equivalent.

(i) The subspace M is (A, B)— Lipschitz stable.

(i) For all sequence {(Aq,By)}o2, € G, there exist a sequence of matrices

{Yq}f;il that converges to X, a constant K1 > 0 and a positive integer
q1, such that for ¢ > q1, the subspace <Yq> 18 (Zq,ﬁq)—invariant, and

IXq = X|| < Kr(|4g = Al + [[Bg = BID-

For proving this proposition, we need the following lemma.
Lemma 3.1 With the preceding notation, let us suppose that
max{[| Py — In|, [|Qq — Im ||} < K([|Aq — All + [|1B, — Bl) <1,

for q > q1. Then there are an integer go > 0 and a constant K1 > 0 such that
for q = gz,

max{[|Py " — L[, Qg — Inll} < Ka(|Aq — All + [1Bg — BI))-

Proof. From [Fact 9.9.42, p. 382] of [1], for any M € C™*™ that satisfies
|M]| < 1, we deduce
[ M]

I,+M)y ' -1, < "1 )
I(Ea+ M) =Ll < s (3.8)



Thus,

15— Inl  K(lAq — All + 1B, — Bf)
1_||Pq_ln||_ 1_||Pq_In||

1Pt =L <
Since P, — I,, when ¢ — oo, then there is an integer ¢, > 0 such that 1— || P, —

I,]| > 1/2 for ¢ > ¢o. This proves the lemma. m|

Proof of Proposition 3.5. The implication (i) = (ii) follows from Proposi-
tion 3.2. Let {(Aq, By)}72; be a sequence that converges to (A, B). Then there
exist sequences of pairs and triples of matrices

{(angq)}gozl € G and {(anquFq}gil converging to (Ina-[mvomxn)v
a constant K > 0 and a positive integer qg, such that for ¢ > qo,
(Ag, By) = (PyAyP; " + PyByFy, P,B,Q,),

that is

(Aq, By) = (Pq_lAqPq —BquPq,Pq_quQq_l), (3.9)
and
ax{[|Py = Lall, Qs = Tl I I} < K (I14q — Al + 1B, — BI). (310
Moreover, by Lemma 3.1, for ¢ > qo,
max{||P; ' — L], |Q; " — Inll, | Foll} < K(|[Ag — Al +[|B, — Bl)).  (3.11)

Since Ay — A, By = B, P, — I, and Q4 — I,,,, we can suppose that there is
a constant L > 0 such that for ¢ > qo,

max{|| Aq |, [ Byll, 1P, 12711, 1Qqll, Q7 M1} < L. (3.12)

By (ii), there exist a sequence of matrices {Yq}gozl that converges to X, a
positive integer ¢i, and a constant K > 0, such that for ¢ > ¢; the subspace
(X ) is (Aq, By)—invariant, and

IXq = X|I < Kv([|4q = Al + [[Bg = BID- (3.13)

Let g2 := max(qo, ¢1). By Proposition 3.3, for ¢ > g2 the subspace <quq>
is (A4, By)—invariant and

”quq_X” < ”quqi_PqX”""HPQX_XHS
< NBIIX g = X[+ 112y = Ll 1 X
From (3.10), (3.11) and (3.13), for g > g2 we infer that

1PeXq - XII < LE:(|Aq — All + B, — B|)

3.14
+ IXNE(Ag = All + 1By — BI)- (3.14)



Let us observe now that by (3.9),

14q = Al 1Py APy = ByFyPy — All < [Py APy — All + || BoFo Py

1P, APyt = All + 1Byl | Foll 17,11 (3.15)

IN

As

1P APyt = Al < ([P AP — Pydqll +11PoAq = PyAll + [Py — A
< NPl 1 AgI 1P = Inll + 1Pl [|Ag = All + 1Py = Ln [ 1Al

from (3.10), (3.11) and (3.12), there are an integer g3 > 0 and a constant
K3 > 0 such that for ¢ > ¢s,
1P APy — Al < Ks(|Aq — All + [1Bg — BII)- (3.16)
On the other hand, by (3.10) and (3.12),

IBall I1F, | 1Pyll < L2K (| Ag — All + || By = BI)).

From this inequality, (3.15) and (3.16), we conclude that there are an integer
q4 > 0 and a constant K4 > 0 such that for ¢ > g4
[Ag — Al < Ky([|[Aq — All + 1B, — B)). (3.17)

Analogously, one proves that there are an integer g5 > 0 and a constant
K5 > 0 such that for ¢ > g5

1By = Bll < K5([|[A4g = Al + || By — BI)).

Substituting the last inequality and (3.17) in (3.14), one proves the proposition.
O

Proposition 3.6 Let (A,B) € C"*"™ x C™ ™ be a pair with B of full rank.
Then the set
{{(Ag, B)}o21 | {Ag}o2, converges to A}

is a Lipschitz generator subset of CS(A, B).

Proof. First, since B is full rank, there exist invertible matrices P and @ such
that

PBQ = (%ﬂ) : (3.18)

Let
(A, B) := (PAP™', PBQ). (3.19)

Let us consider a sequence of matrix pairs {(Ay, By)}2; converging to
(A, B). Then, the sequence



{(Ag, B)}o2a = {(PA P!, PB,Q)}2, (3.20)

converges to (A, B). Denote sequences of matrices {e,}22, and {d,}22, con-
verging to zero such that

Bq< 5 q>. (3.21)

We see that there exists an integer go > 0 such that for ¢ > qg, the matrix
I, + €4 is invertible. Let us define, for ¢ > qo,

_( Unte)™! 0
P, = (—6q(Imisq)1 Inm>' (3.22)

By (3.22) and (3.21), for ¢ > qo, P,B, = B. From (3.20) and (3.19), P,PB,Q =
PBQ. In consequence, for g > qo,

B,=P 'P;'PB.

Thus, for proving the proposition it suffices to demonstrate that there are an
integer g1 > 0 and a constant K > 0 such that for ¢ > ¢,

|P=LP7P — L]l < K||B, - B].

To prove this, by (3.22), let us observe that

IP=IP P — Ll < [PTHHPS = Ll 1P < (1P~ 2] ‘ ;Z ’ (3.23)
Last, from (3.18), (3.21) and (3.19) we see that
| 5| = 18- B < P11, - B
The substitution of this inequality in (3.23) ends the proof. O

The following result simplifies the checking of whether a subset of CS(A, B)
is Lipschitz generator. The demonstration uses arguments similar to the ones
of the proof of Proposition 3.5.

Proposition 3.7 Let (A, B) € C"*"™ x C"*™. Let G be a Lipschitz generator
subset of CS(A, B). Let G1 be a subset of G such that for every sequence

{(Ag: Bg)}gZi €9,
there erist sequences

{(quﬁq)}gil S gl and {(anQqu}E;o:l Converging to (InaImaOmxn)7

10



and there exist a positive integer number qy and a constant K > 0, that depends
on the preceding sequences, such that for q > qo,

A, = P AP + PyB,F,,

By = PyBqQq,

max{|| Py — In||, |Qq — Im |, | Fyll} < K([|Aq — All + | B, — B])).
Then the set Gy is a Lipschitz generator subset of CS(A, B).

The next lemma follows from Theorem 1.1 and Theorems 17.9.2 and 17.9.3
of [4].

Lemma 3.2 Let A and D be square complex matriz such that A(A)NA(D) = 0.
Let us consider the sequence

A, BN\T oto (A0
¢, D, - converging to | o p |-
Then,

(a) There exist a sequence of matrices {Ty}32, converging to 0, and a constant
K > 0 such that, for q > qo,

I T\ (A, B\ (I -T,\ (4, 0
o 1)\¢c, p,)\o 1 )=\c b )

A,—A B,
s w(, " o)

b) There exist a sequence of matrices {P,}°°, converging to I and a constant
qJqg=1
Ky > 0, such that for ¢ > qo,

Ay B\ o1 (A; O
P‘I(Cq Dq>Pq ~\0 D)’

A —A B,
o D,—-D/J|"
Remark 3.2 In the above results, the existence of a positive integer qq is re-

quired in such a way that the results are true for ¢ > qo. To simplify, without
loss of generality, we suppose hereafter that qg = 1.

and

and
1Py — I|| < Ky

4 Matrix formulation of the main results
We can formulate the theorems of Section 2 in a matrix form with the aid of

Definition 3.1 and Proposition 3.2. Moreover, by Assertion 3.1 we suppose that
B has full rank.

11



By reformulating Theorem 2.1, we can consider, instead of the pair (4, B),
another one block-similar to it by Proposition 3.3. So, first we are going to
reduce (4, B) to another pair block-similar with a “more simple” shape.

Let (A, B) € C"*™ x C™*™ be a pair of matrices such that rank B = m.
Let M be an (A, B)—invariant subspace such that M NIm B = {0}. In an
analogous way to the preliminaries of [8, Theorem 4.2] we are going to consider
the next bases matrices

X1 =BeCm,

X3 € C"*"3 | basis matrix of N'= M NC(A, B),

X4 € C"*™ such that M = ([X3, X4]) ,

X5 € Cnan’ such that C(A,B) = <[X17X2,X3]>,

X5 € C™ "5 in such a way that P~1 = [X}, X, X3, X4, X5] € GL,(C).

Therefore, the pair (A, B) = (PAP~!, PB) and the transformed subspace
M = PM, have the following shape:

0 0 0 0 0 I, 0 0
A1 Ago 0 0 Ass 0 0 0
(4, B) = A3z Azp Azz Azg Azs |, O , M= < I, O > .
0 0 0 Au As]| |0 0 I,
0 0 0 0 Ass 0 0 0

Let us note the following associations

(A"‘BF)‘NHA&d, Al‘Ml (—>A447 Al <—)A55.

arn=((~5))

then (Aaz, A21) is a controllable pair, and therefore, there exists a matrix Fy €
C™*m2 guch that

Since

A(Agg + Ag1 F1) N [A(As3) UA(Agg) UA(As55)] = 0.

If we consider the matrices

I, —-F 0
P=|0 I, 0|¢cGL,(C)
0 0 I

and F = (F1A217F1A22 —F1A21F1,F1A13,07F1A25) (S ij, the pair (j,?) =
(PLAP] Ly P1§7F£1§) and the transformed subspace M = PiM have the
same shape of (A, B) and M, where

A(Ass) N [A(Az3) U A(Asa) U A(As5)] = 0.

12



Since A(Ag2) N A(A3z3) = 0, it is well known that there exist a matrix R; €
C™s*"2 guch that Aszs = A3z3Rq — R1Ass. Therefore, if

I, O 0 0

o o, 0 o
2=lo B 1, o |
0 0 0 Inn,

the pair (A, B) = (PQjPQ_l,PQE) and the transformed subspace M = P,M
have the shape

0 0 0 0 0 I, 0
Aoy Ago 0 0 Ao 0 0 0
(A, B) = A1 0 Asy Asa Ass || O , M= < Ly, 0 > .
0 0 0 Ay Ay 0 0 Ip,
0

0 0 0 0 Ass 0 0

As A(Agz2) N A(A55) = 0, using a similar reasoning we make zero the block
Ass of the matrix A.

With these considerations and Proposition 3.3, we can formulate Theo-
rem 2.1 in the following new form.

Theorem 4.1 (Restatement of Theorem 2.1) Let us suppose that the pair (A, B) €
Cm*™ x C™*™ and the (A, B)—invariant subspace M have the shape

0 0 0 0 0 1, 0 0
Aoy Aoo 0 0 0 0 0 0
(A,B) = As1 0 Ass Ay Ass|,| O , M= < I, 0 > )
0 0 0 Agg Aus 0 0 I,
0 0 0 0 Ass 0 0 0

where
i fO?” i = 2a3; Ail € (Cnixm; Alj € Cnixni fOTj > 2;
o A(A22) N [A(As3) UA(Ags) UA(A55)] = 0.

Then, the following statements are equivalent.
(i) M is (A, B)— Lipschitz stable,
(11) [A(As3) UA(Ag)] NA(As5) = 0.

In the same way, for reformulating Theorem 2.2, we are going to search a
pair, block similar to the pair (4, B) € C"*™ x C™*™, that has a more simple
shape. Let us suppose that M C C™ is an (A, B)—invariant subspace such that
M D C(A, B). Hereafter, we are going without loss of generality to assume that
B has full rank (Assertion 3.1). From the preliminaries of [8, Theorem 4.3], we
can formulate Theorem 2.2 in the following way.
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Theorem 4.2 (Restatement of Theorem 2.2) Let us suppose that the pair (A, B) €
Cm>*™ x C™*™ agnd the (A, B)—invariant subspace M have the shape

00 0 0 0 I,
C 0 0 0 0
AB)=|lo o E F ol,[o]],
00 0 G 0 0
00 0 0 H 0
I, 0 0 0
0 I, 0 0
M=< 0 0 I, 0 >
0 0 0 0
0 0 0 X

where

e (D,C) € Cm2*m2x C"2X™ jg q controllable pair, E € C"s*"s [ ¢ C"3Xn4,
GeCmxma HeCrsxms X € C"*% and X has full column rank,

o A(D) = {0}, A(E) = AG), A(D)N(AE)UA(H)) =0, A(E)NA(H) =0,
o the subspace (X) is H— Lipschitz stable.
Then, if m > ny, the subspace M is (A, B)— Lipschitz stable.

5 Proof of Theorem 4.1

In this section, we will demonstrate Theorem 4.1. First, we prove a preliminary
lemma.

Lemma 5.1 Let (A,B) € C"*" x C"™™ and let M be an (A, B)—invariant
subspace. Let us suppose they have the shape of Theorem 4.1. Let us assume
that there exists a Ag € C such that

Ao € [A(A&g) U A(A44)] n A(A55)

Then, there exist a invertible matriz P such that

0 0 0 0] 0 0 I,
Ayy A |0 0] O 0 0
C 0 |E F| O 0 0
—1 _
(PAP™, PB) = 0 0 0 G| O 0 ’ 0 ’
Ch 0 0 0|FE1 K 0
- 0 0 0 0] 0 Gy 0 (5.24)
0 0
I 0
- ([13]),
0 I
0 0

14



where E and G are upper triangular matrices, and
E, Fy
wea (B B).
Proof. For i = 3,4,5, let Q; € GL,,(C) such that

A -1 (Hi 0
Q’LA'LlQi - <0 Kz) ]

where A(H;) = {Ao}, Ao & A(K;) and H; is an upper triangular matrix. Now,
let Py = diag(lomyny, @3, Qa, Qs). Then (A, B) = (PyAP; ", P, B) has the shape

0 0 0 0 0 0 0 0 1,
Ayr Axn | O 0 0 0 0 0 0
Aél 0 | H3s O |L3s Lz | L3y Lss 0
(4,B) = A3y 0 | 0 K3z | Lys Ly | Ly Lusg 7 0
0 0 0 0 | Hy 0 | Lsy Lsg 0
0 0 0 0 0 Ky | Lgr  Legs 0
0 0 0 0 0 0 Hj 0 0
0 0 0 0 0 0 0 K 0

Let us note that M = P,LM = M.

We will annul some blocks of the matrix A, following the same reasoning
used before Theorem 4.1 for overriding the blocks Ass and Ags. Since A(H;) N
A(Kj) =0 for 3 <1i,j <5, we can make successively the following steps:

1) with H5 and K4 we annul the block Lgr,

2) with H4 and K3 we annul the block Lys,

) with H5 and K3 we annul the block L7,
) with Hy and K5 we annul the block Lsg,
) with Hs and K4 we annul the block Lsg,

6) with Hs and K5 we annul the block Lsg.

Interchanging the blocks rows and columns of A according to the permutation

1 2 3 45 6 7 8
1 23 5 7 4 6 8)°

the pair (A, B) and the subspace M, obtained from (4, B) and M by means of
the preceding transformations, have the following shape:

3
4
5

o olo o o]0 0 0 I,

Ayy Ap| 0 0 00 0 0 0

Al 0 |Hs Lss Lsz| 0 0 0 0

- - 0 0|0 Hy Ly | 0 0 0 0
(4,B) = o o0 o H |0 o o0 [ o
AL 0 | 0 0 0 |Ks Li Lus 0

0 00 0 0|0 K4 Lg 0

o 0l0 0 0|0 0 K 0




O OO O NO O
O oO|lOo~NOlO O

O NO O OO O
~N OO O OO0 O
~—

0 0 0 O

The lemma’s proof finishes by regrouping the blocks in agreement with G = H,
G1 = K5 and its implications. O

Proof of Theorem 4.1. (ii)=(i) We are going to prove that the subspace M
is (A, B)—Lipschitz stable. Let A\; € C be such that

5
A A4,

1=2

and let F' = [AI,,,0] € C™*". Then, by Theorem 1.1, the subspace M is
(A + BF)—Lipschitz stable. Hence, M is (A + BF, B)—Lipschitz stable and,
by Proposition 3.3, M is (A, B)—Lipschitz stable.
(1)=(ii) Let us suppose that [A(As3) UA(Aa)] NA(As5) # 0. Let Ay € C be
such that
Ao € [A(As3) UA(Agg)] N A(Ass).

Then, by Proposition 3.3, we can assume that (4, B) and M have the form (5.24).
Let us prove that the subspace M is not (A, B)—Lipschitz stable. Consider
the sequence

0 olo0o o]0 o0 I, >
Aoy A | O 0] 0 O 0
. C 0 |E F|[O 0 0
{(Ag, Bo)boz = 0 0 |H, G| 0 0 ’ 0 ’
Ch 0 0 O0|E F 0
0 0|0 0|0 G 0 -
qg=1
converging to (A, B), where
0 0 0
H=|: " 1. (5.25)
1 0O 0 --- 0

If M were (A, B)—Lipschitz stable, by Proposition 3.2, there would exist
sequences of matrices {X/;}52, {Q;}52; and {T'{}32,, of adequate sizes, and
a constant K > 0, such that for all g,
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0 o]0 o0 o0 X4 X9,
Ay Ay | 0 0[]0 0 X4 X3,
C 0 E F| 0 0 1 0
0O 0 |H, G|0O 0 X4 X5,
4 0 0 O0|E, Fi 0 I
0 0|0 0|0 G X4 X4,
Xt XY L

X4 X5 0
T 0 | o 0
— | xnxg (Q Q) 0
0 I 0

X¢1 X6 0

and
X451 < K/q.

Let us observe that equality (5.26) implies for all g,

C 0\ (XY XU E F\[(I
(6 o) (k) (i &) (4,
_ (L o[ o
X X)) \Q3 Q3

(5.26)

(T1,13),
(5.27)

0 J—
Xff2> (5.28)

On the other hand, making operations in (5.26), we see that the sequence

{(ﬂ‘h %)}C’o _
le Q%Q g=1

CX% +E+ FXY,
C1 X% + P XY

converges to

E 0
0 Ei)’

CX{,+ FX], o
Ci1 X1, + Ey + F1 X{,

(5.29)

q=1

where A(E) N A(E;) = 0. Hence, by Lemma 3.2, there exist a sequence of
matrices {7y }52, converging to 0, and a constant K; > 0 such that for all g,

I 0\ (9,
-7, I)\Q%,

175 < Ky

and

CX{ + FX],
C]Xizl + Fngl

O\ (1 0 _ (9 + Q1T
oL )\1, 1)~ 0

k
* )

(5.30)

CX{,+ FX],

From (5.27), we deduce that there exists a constant K5 > 0, such that for all g,

1Tyl < K2/q.
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Moreover, from (5.28) for all g,
C 0\ (XY XY, I I 0\
0 0/\X3 X3 X X42 T, 1)
(I 0 I 0\ [, I 0
S \XY XY, T I -1, I Q L) \1, I)°
By (5.30), we conclude that

(C(Xf1 + XLT,) C)O<;12> N <E F) < I 0 > _

0 H, G)\X{ +XLT, Xi,
Ofy + QLT *
X+ XLT, X42 0 *

From this equality, it is immediate that for all g,

Hy+G(X] + XHT,) = (X4 + XHT,)(Qf + Qf,T).
And, since by (5.29)
then

Hq + G(XL + XZzT ) - (Xgl + XZQ )
+ (X + XHT,) (CX{y + FXY, + (CXY, + FX{,) T,).

Therefore, using inequalities (5.27) and (5.31), we infer that
Hy + G(X§) + X{,T,) = (X, + XLT,)E +0(1/q%), (5.32)

when ¢ — oo, where O is the big O notation of Landau.

Let us denote x7; the entries of the matrix XJ; + X{,Ty, for 1 <i <r, 1<
Jj < s. Taking into account the form of the matrices G, E and H,, given in (5.24)
and (5.25), equality (5.32) turns into equality

AQ * *
0 0 0 0 Ay oo %
: : . : + : : . : ($;-1j)=
l/q 0O --- 0 O O ’ )\‘0
)\0 *
0 X -+ ,
| L [ roased),
0 0 - X

when g — co. From here we get
1/q+ Moz, = 22 X0 +O(1/¢%), t— oo,

which implies 1/¢ = O(1/¢?), a contradiction. |
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6 Proof of Theorem 4.2

To prove this theorem we need some preliminary results. The first is the follo-
wing one.

Lemma 6.1 Let

o= (3 1) (5 1)

be such that L has full rank. Then the set

o={{(( m)-(b D)} feesonm

is a Lipschitz generator subset of CS(M,N).
Proof. First, since N has full rank, by Proposition 3.6 the set
G1 = {{(My, N}, M, — M}

is a Lipschitz generator subset of CS(M, N).
Second, let {(My, N)} .2, € Gi. Then, for all ¢ we see that

o Eq 5,1 Ih 0
onm = (7 w)- (6 1))

— 0 0

Mq‘(R% RS)'

Then, {(My, N)};2, € G. Moreover for all ¢, (My, N) = (M, + NF,, N), where
F, = (g4,94)- Let us remark that

For all ¢, let

[1Eqll < [[My — M.

Then, by Proposition 3.7, the set G is a Lipschitz generator subset of CS(M, N).
O

Lemma 6.2 Let

e =((am) (5 5) e v =((5 7))

where the matrices L and Y have full column rank, and let us assume that there
exists a matrizc H such that
R, =YH.

Let us denote by N := (Y). If N is (Rg, L)—Lipschitz stable, then N is
(M, N)— Lipschitz stable.
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Proof. First, since the subspace N is (R2, L)—Lipschitz stable, by Proposi-

tion 3.2 for every sequence {R3}°2, that converges to Ry, there exist sequences

of matrices {Y,}02, {H,}21, {Ug}g2q and a constant K > 0, such that for
all ¢,
RIY, =Y,H, + LU,, (6.33)

and
1Yy = Y| < K1||R3 — Raf. (6.34)

Let {(Mq,Nq)};i1 be a sequence that converges to (M,N). Then, by
Lemma 6.1 and Proposition 3.5, there is no loss of generality if for all g the
pair (Mg, Ng) has the shape

(Mquq>=<(1%1 zg)g)(% 2>>

Let a be a complex number such that o &€ A(Rs). By Proposition 3.2, to
prove that N is (M, N)—Lipschitz stable it suffices to find a sequence of matrices
{2,152, and a positive constant K, such that for all ¢

0 0 Ih 0 . Ih 0 OéIh 0 + Ih 0 —a]h 0
rR* RY\z, v,) " \z, v,)\ H H, o )L o u)
and
1(Zq:Yq) = (0,Y)|| < KJ|(R{, R3) — (R, Ra)l.
From (6.33) and (6.34), if we can choose the Z; satisfying

RI+RiZ,=aZ,+Y,H (6.35)

and
1Z4]] < K[[(R{, R3) — (R, Ra)l, (6.36)

then the subspace N is (M, N)—Lipschitz stable.
Taking Z, := (al — R3)™'(R{ — Y, H), we have equality (6.35). Lastly, since

RE = YyH = (R = YH) + (Y — Y H = (Rl — Ry) + (Y = Y)H,
from (6.34), we deduce that for all ¢
IR} = YoH|| < K |(RY, R3) — (Ry, Ra)|l,
and therefore
1Zll < (o = Rg) "M |1 RY = Yo H|| < Ka|l(al = Rg) ' [I(RY, R3) — (Ra, Ra).
This proves (6.36). m|

In the following theorem, using the notations of Theorem 4.2, let us assume
that m > ny. We partition the matrix C into blocks

C = (Cy,Cy), where C; e Cr2X(m=na) ¢, ¢ Craxna,

With these considerations, we have the following result.

20



Theorem 6.1 Let us suppose that the pair (A, B) and the (A, B)—invariant
subspace M have the shape

0 0 0 0 O I, L., 0 0

Co, D 0 0 0 0 0 I,, 0
(A,B) = 0 0 E F 0],]0 ,M—< 0 0 I, >

0 0 0 G 0 0 0 0 0

0 0 0 0 H 0 0 0 0
where

° 02 e CTLQX’I’L4} D E CTLQX’I’LQ} E E (Cn3Xn37 F e C7I,3><7L47 G E (Cn4><n4’
H ¢ Croxns,

o A(D) = {0}, A(E) = A(G), A(D)N(A(E)UA(H)) = 0, A(E)NA(H) = 0.
Then, the subspace M is (A, B)— Lipschitz stable.
To prove it, we need a previous lemma.

Lemma 6.3 With the notations of the preceding theorem, the set of sequences

0 0 0 0 0 I, >
¢ D, 0 0 0 0
{{(A, B}z, } = AL 0 E, E, 0[,]o0
F I ST

51 q q=1

that converge to (A, B), is a Lipschitz generator subset of CS(A, B).

Proof. Using the same reasoning as in the proof of Lemma 6.1, the set of
sequences

0 0 0 0 0 I, >
63 D, Zg3 Z34 ng 0
@, By} = Al AL, B, F, Ag|.| o
Ay A Ay Gy A 0
A5 A5, Ay A5 H, 0 ot

that converge to (A, B), is a Lipschitz generator subset of CS(4, B).

As A(E) = A(G), A(D)N(A(E)UA(H)) = 0 and A(E)NA(H) = 0, by
Lemma 3.2 there exist a sequence of matrices {F;}72; and a constant K > 0
such that for all ¢

Eq Ay Ay 525 D, 0 0 0

P ég2 E]q Eq égs pl= 0 E, F 0 ;
A Az Gy Ay e 0 Ajy Gg 0
Zgz ng Zg4 Fq 0 0 0 Hg
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and

D,-p AL, A, A
Ay, E,~E F,—-F A
P -1 < k|| A Pl B F A
! AZ2 Ay Ge—G Ay
A52 Ags Ag4 Hy—H
To finish the proof it suffices to apply Proposition 3.7. a

Proof of Theorem 6.1. Consider an arbitrary sequence {(Aq, By)}o2, con-
verging to (A, B). Then, by Proposition 3.7, there is no loss of generality if
(Aq, By) has the shape in Lemma 6.3. Therefore, from Proposition 3.5, to prove
that M is (A, B)—Lipschitz stable it suffices to find sequences of matrices, of
suitable sizes, {Z,}521, {Z]}o21, {94 e21, {71521, 1 < 4,5 < 3, an integer
go > 0 and a positive constant K, such that for ¢ > qq

0 0 0 0 0 I., O 0
ci D, 0 0 0 0 I, O
AL 0 E, F, 0 0 0 I,
AL 0 A% G, 0|z, 0o 0
AL 0 0 0 H) \z¢ z8 z8
0 0 7. (6.37)
0 L 0 Qf; Qf, Qf 0
o o I,|[0e 9 oL |+| o |@ T¢ TY
Zg 0 0 Qf Qf, Q4 0
70 74 78 0
0
ZfI Zq Zq < K”A - AH (638)
Now, operating in (6.37), it follows that I'] = —Qf,, 1 <14 < 3;
(% % M) (, G 20,
Q31 Q3 Qg Ay +FZ; 0 Eg
and
A?u +GoZq = ZquIl
0= 2,01,
A43 =2z Ql?) (6 39)
Al + H,Z1 = Z]Q%, + ZiC) + Zi (AL, + F,Z,) '
H, Zq ZqQ?Q ZqD
H Zq Z10%, + ZqE
Let n, = ||[A; — A||. Let us define, for all ¢
Zg = Lngln,, (6.40)

where L is a positive constant to be determined further. Then, from (6.39), we
deduce that

Af Af
N =G, + 41 , 0e. = 0, 0?4 = 743
11 q an 12 13 — an
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and

(A% 0 0+ H(Z 7 Z)=(Z 7 Z)S. (64D
where, for all g,
S, = v L Lng | (6.42)
a Ci D, 0

Ay +LnFy 0 B,
For any matrix A = (a;;) € C™*", we define the vec operator

o T
VeC(A) = (au,agl, ey m1,A12,022, - - - AmM2y -+ -y A1n, A2, - - .,amn)

where T stands for transpose (see [1], Chapter 7, p. 439). Then, from (6.41),
we deduce that

vec (A2, 0 0)+ (I®Hy)vec(Z] Z§ Z3)=
(St @ Ivec (27 7§ Zi), (6.43)
where the symbol ® denotes the Kronecker product of matrices.

On the other hand, as A(H) N [A(D) U A(F) U A(G)] = 0, there exist a
constant L > 0 and a positive integer ¢qo such that, for ¢ > qq

q q —
A(Hy) N A c D, 0 =0.

Agl + Lngty 0 E,

Therefore, by Proposition 7.2.3 of [1] and notation (6.42), we see that, for ¢ > qo,
the matrix S} ® I — I ® H, is invertible and

[(St@I—-TwH,) " <K, (6.44)

for some constant K7 > 0.
Lastly, from (6.43), for g > qo, we deduce that

vec (21 2§ Z3) = (S,®I—1® Hy) 'vec(Ad, 0 0).
By inequality (6.44), for ¢ > qo
(21, Z3, Z5)|| < K[| A3, |,

for some constant K5 > 0. This inequality and (6.40) prove the theorem. O

We are in a position to prove Theorem 4.2.
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Proof of Theorem 4.2. Given that A(H) N [A(D) U A(E) U A(G)] = 0,
and A(D) = {0}, since the subspace (X) is H—Lipschitz stable, then from
Theorem 1.1 the subspace

0

0
< 0 > is A-Lipschitz stable,
0
X

and thus (A, B)—Lipschitz stable.
By Theorem 6.1, the subspace M is (A, B)—Lipschitz stable. From Lemma 6.2,

the subspace
I 0 0

0 In, O
< 0 0 I, >
0 0 0
0 0 0
is (A, B)—Lipschitz stable. This proves the theorem. o

In the light of this Theorem, an immediate question arises: What happens
if m < n4? In this case we cannot assure anything. To illustrate this let us see

two examples.
Example 1. Let (A, B) € C*** x C**! be the pair

0 0 0 O 1

0 0 0 O 0
(4,B) = 000 0)7(0 ’
0 0 0 O 0

and let M be the (A, B)—invariant subspace

10

0 1
M_<OO>.

0 0

Notice that m = 1 < ng = 2. Let us see that the subspace M is not
(A, B)—Lipschitz stable. In order to do so, consider the sequence

0 0 0 0 1 <
- /¢ 0 0 0 0
{(Allqu) q=1 — 0 1/q 0 ol’1o
/g 0 1/q 0/ \O =1

converging to (A, B).
If M were (A, B)—Lipschitz stable, by Proposition 3.2, there would exist se-

quences {xq}gilv {yq}gilv {Zq}gil’ {tq}gozl’ {O‘q}i;o:la {Bq}gilv {Uq}gczla {511}2117
e} o21s {kq}geq, converging to 0, and a constant K > 0 such that for all ¢
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—
=)

o O OO
IS
SRS
SHE

(6.45)

(’YQaluq)v

|
»ng
L =
7N\
Q Q
Qo
QQ"P
~

+

O O O

and
max{|zql, [Yql, [24], [tql} < K/q. (6.46)

Operating in (6.45), we deduce that

1
Vg = —CQq, Mg = _qu Oq = 67 6q =0,

and
Tqg+1=qogzq + 4
qQq2q +yq =0
Yy = Qﬂqzq
1 =qBqz,.
Now, since 1 = gf4x4, x4 # 0 and

- 1
aq:ﬂ, and By = —.

qxq qxq

Therefore, y, = Z4 and
x

q
2

z
tq:1+xq+m—‘;:1+xq+y§. (6.47)
q
Lastly, since from (6.46) |t,| < K/q, then by (6.47) and (6.46) for all g we
deduce that

K/q> ‘tq| 2 1_|$q|_‘yq|2 > l—K/q—KQ/qQ,

which is absurd. Thus, M cannot be (A, B)—Lipschitz stable.
Example 2. Let

0000 0 1 100
1000 0| (o 01 0
(A,B):00010,0,M:<000>
0000 1] |0 00 0
000 0 0/ \o 00 0

be the corresponding pair (A, B) and (A, B)—invariant subspace M. Note that
condition m > ny fails again, because m = 1 < ngy = 2. Let us see that in this
example the subspace M is (A, B)—Lipschitz stable.
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Reasoning as in Lemma 6.1, we see that the set of sequences

0 0 0 0 0 1 >
o 1+a21 @G22 @23 [N ass 0
{4, B)}2,} = @31 azxy asz3 l+azs  ass , |0
[51 Q42 Q43 Q44 1+ ays 0
as1  Gs2 G53 G54 as5 0 =1

that converge to (A, B), is a Lipschitz generator subset of CS(A, B). Let

1 Q22 a23 Q24 (2% >
1+ay 1+4+axn 1+4+axn 1+axn
e )]0 0 0 0
Fd=41o o 1 0 0
0 0 0 1 0
0 0 0 0 1 -
qg=1
be a sequence that converges to I;. Note that
1Py — L|| < K||Aq — AJl.
Since P;B = B and
0 0 0 0 0
B 10 0 0 0
PquPq_1 +PBFy;= a3z a3 a3z l+azs  ass )
a41 Q42 Q43 (44 1+ ags
as1  Gs2 053 s ass
where ||F,|| < K||A, — Al|, by Proposition 3.7 the set of sequences
0 0 0 0 0 1 >
1 0 0 0 0 0
G31 Q32 G33 l4aGssa  Gss 10
G41 Q42 043 (44 1+ aygs 0
as1 Gs2 Qs3G54 ass 0 =1

that converge to (A, B), is a Lipschitz generator subset of CS(A, B). Lastly, by
using a similar reasonings to of Example 5.2 in [8] and Proposition 3.7, the set
of sequences

00 0 0 O 1 >
1 0 0 0 0 0
{{(Ag. B))}e2 ) = 0 ag 0 1 0f,]0
0 b, 0 0 1 0
0 ¢cg dg eq fq 0 =1



that converge to (A, B), is a Lipschitz generator subset of CS(A, B). By Propo-
sition 3.5, to claim that M is (A, B)—Lipschitz stable is equivalent to finding
sequences {4}, {y,} and {z,} that converging to 0, {a,}, {84}, {04}, {04}, and
a constant K > 0, such that, for all g,

00 0 0 O 1 0 0
1 0 0 0 O 0 1 0
0 aq 0 1 O 0 0 1
0 b 0 0 1 0 z, O
0 cg dg eq fyg Yg 24 O
10 o 1 (6.48)
0 1 0| fag By o4 0
=10 0 1 1 0 0|+]|0|(—ag—0B4—0g),
0 z, O 0 464 O 0
Yg 2¢ O 0
and
ag 0 0 O
(g, yqr za) [l < K| { &g O O 0 [ (6.49)

¢g dg € Jfq

Let us choose x4 # 0 for all ¢. Then, making operations in (6.48), for all ¢
we see that

Yqg = Zgq;
{ 20 = —by, (6.50)
and on the other hand,
Qq = fq‘qu+ bqa
q
8, = eqLqg — bgfq +¢q
q xq i

dy
0q=—,

Tq
dg = T4 + aq.

Moreover, the choosing of x, is subject to
0 #| zq [< K[ Ag — All,
for some constant K > 0. Then, from (6.50), we conclude that
1(¥q: 2) Il = (g, bg) | < K[| Ag — All.

This proves (6.49).
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7 Conclusions

Let (A, B) € C"*" x C™"*™ and M be any (A, B)—invariant subspace. As stated
in the Introduction, if the pair (A, B) is controllable, then M is Lipschitz stable.
The same is true if dim M + dimIm B > n, regardless of whether the pair is
controllable or not.

This article addresses the problem of stability in the Lipschitz sense of the
subspaces (A, B)—invariant M in two cases. When M NIm B = {0}, we cha-
racterize completely the subspaces that are Lipschitz stable. In the case where
the subspace M contains the controllability subspace of the pair (A, B), we give
sufficient conditions, which are not necessary, for stability in the Lipschitz sense.

In general, the problem of the characterization of (A, B)—invariant subspaces
that are Lipschitz stable is open.

Acknowledgment

We thank the referee for the detailed commentaries of the first version of this
paper, which have permitted to improve it.

References

[1] D. S. Bernstein: Matriz Mathematics. Princeton University Press, 2005.
[2] F. Chatelin: Valeurs Propres de Matrices, Masson, Paris, 1988.

[3] J. Ferrer, M.I. Garcia, F. Puerta: Differentiable Families of Subspaces,
Linear Algebra Appl., 199 (1994) 229-252.

[4] I. Gohberg, P. Lancaster, L. Rodman: Invariant Subspaces of Matrices with
Applications, John Wiley, New York, 1986.

[5] J.M. Gracia, F.E. Velasco: Stability of controlled invariant subspaces, Li-
near Algebra Appl., 418 (2006) 416-434.

[6] A.C.M. Ran, L. Rodman: A class of robustness problems in matrix analysis,
Operator Theory: Advances and Applications, 134 (2002) 337-383.

[7] L. Rodman: Stable invariant subspaces modulo a subspace, Operator Theo-
ry: Advances and Applications, 19 (1986) 399-413.

[8] F.E. Velasco: Stable subspaces of matrix pairs, Linear Algebra Appl., 301
(1999) 15-49.

28



