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Abstract

Let A € C"*" be a normal matrix. A well-known theorem asserts
that for any € > 0 the ordinary e-pseudospectrum of A is the union of the
closed disks of radius € centered at the eigenvalues of A. We give a proof
of the converse theorem.

We define the e-pseudospectrum of algebraic (resp. geometric) multi-
plicity > 2 of A as the set of complex numbers z such that there exists
a X € C™*" which satisfies || X — A|| < ¢ and z is an eigenvalue of X of
algebraic (resp. geometric) multiplicity > 2. Let us denote this set by
Ai‘:‘%(A), (resp. A(f%(A)) Here, ||-|| stands for the spectral norm.

We prove that Aia%(A) is a union of closed disks, whose centers and
radii are determined in terms of the eigenvalues of A and . Also, we
prove that AS%(A) is the union of pairwise intersections of closed disks
centered at the eigenvalues of A and radius e.

AMS classification: 15A18, 15A21, 15A60, 47A25.
Key Words: singular values, unitary similarity, algebraic multiplicity, geo-
metric multiplicity, Malyshev.

1 Introduction

For any complex matrix M we denote by o1 (M) > oo(M) > --- its singular
values decreasingly ordered. We write ||-|| for the spectral matrix norm. Given
a matrix A € C"*", we denote by A(A) the spectrum or set of eigenvalues of
A. Let us recall the concept of unordered n-tuple of complex numbers. We say
that two n-tuples (A1, A2, ..., An), (41,2, ..., i) € C™ are equivalent if there
exists a permutation 7 of the set {1,2,...,n} such that

(Hh/’@v s uu’n) = (Aﬂ'(l)a A'n’(2)a . 7)\7T(’I’L))

This defines a equivalence relation ~ in C". We denote by C,, the quotient

set C"/~. We call unordered n-tuple of complex numbers to each element
[(A1, A2, .., An)] € C& ., which we write briefly by (A1, Aa,...,\,) without
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peril of confusion. Now, if A1, Ag,..., A, are the eigenvalues of a matrix A €
C™*™ where the multiples appear repeated, we denote by Eig(A) the unordered
n—tuple (A1, Az, ..., A,). Thus, Eig(A) € C,,,. We will use A(A) and Eig(A).
They are different things. The spectrum A(A) is a subset of C and may have
less than n elements. See [3, p. 153]

For ¢ > 0, it is defined the ordinary e—pseudospectrum of A as

A(A):= |J AWX).

[X—All<e

Let us note that Ag(A) = A(A). The set of eigenvalues of a matrix A with

algebraic multiplicity greater than or equal to k£ will be denoted by A](f)(A). So,
for € > 0, we define the e—pseudospectrum of algebraic multiplicity > k of A as

the set
AR = APX),
[ X—All<e
Also, briefly we will call this pseudospectrum, the algebraic e-pseudospectrum
of order k of A. Let us observe again that A((f,)c(A) = Agf)(A).

It is well known that the e-pseudospectrum of A can be characterized as
the sublevel set € of the function z — ,(2zI, — A), which associates to each
complex z the nth singular value of the matrix zI,, — A. In particular, we have
A(A)={z€C: o,(2I, — A) <e}.

Other analogous characterization of the set ASQ) (A) can be deduced from the
next result due to Malyshev [8]. '

Theorem 1. Given A € C"*™ and z € C, let us denote by

o zI, — A tl, )
ha(2) = max 721 < 0 2I,—A) (1)

Then, we have
min || X — A = ha(2).
zeAM (X)

With this result, we get the following characterization of e—pseudospectrum
of A with algebraic multiplicity > 2.

Proposition 2. Given A € C"*", for alle > 0 z € C we have
ALY(A) ={z € C: ho(z) <&}

Proof. Let be z € Aiaz) (A). Then, there exists a matrix Y € C**" such that

z € Aéa)(Y) and, in addition, ||Y" — A|| < e. Therefore, following on from (1),
we derive that

ho(z) = min [[X —A|| <)Y —A4| <e.
2€ALY (X)

Reciprocally, let z be such that ha(z) < e. Then by Theorem 1 we have

ming @y |X — A|| < e. Therefore, there exists a matrix ¥ such that z €
2
Aga)(Y) and, in addition, ||Y — A|| <e. So, z € Aiaz)(A) O



The goal of this paper is to describe the set Az(ga% (A), as long as the matrix
A € C™"*™ is normal. So, denoting by

DN, 0) :={z€C:|z—X|< 4},
The main result of this paper is the following theorem.

Theorem 3. Let us suppose that the matriz A € C*"*™ is normal. Moreover,
let us suppose that Eig(A) = (A1, Aa,...,A\n). Let € > 0 and (j, k) a pair of
integers such that 1 < j <k <n. Ife > |X\j — \g|/2, let us define

Aj— Ael?
) = o2 - LA 2)

Die(e) =D (M2, @) ®)

If € < |\j — Al/2, let us define Dji(e) := 0.

Then
AGW= U D).

,
1<j<k<n

Remark 1. Since A is normal, then there exists a unitary matrix U € C™"*"
such that U*AU = diag(A1, A2, ..., An). Moreover, since U is unitary, we have
AgaQ) (A) = ASQ)(U *AU). So, from now on, we will assume without loss of gener-
ality A = diag(A1, A2,..., An).

The organization of this paper is as follows: in Section 2, we revise a char-
acterization of the normal matrices A € C"*™ as those for which the set A (A)
is the union of closed disks of radius € with center at its eigenvalues, for every
€ > 0. In Section 3, we introduce the necessary results to show the theorem 3.
We prove the theorem 3 in Section 4. Finally, in Section 5, we describe the
e-pseudospectrum of A of geometric multiplicity > k, when the matrix A is
normal.

2 Matrices whose ordinary pseudospectra are
union of disks

In this section, we revise a result that characterizes the normal matrices as those
whose ordinary e-pseudospectrum, for each € > 0, is the union of closed disks of
radius € centered at the eigenvalues. Let A € C"*" be a normal matrix, that is,
A*A = AA*, where A* stands for the conjugate transpose of A. The following
theorem appears in [9, Theorem 2.2, p. 19] and [7, Corollary 5.3.8, p. 73].

Theorem 4. Let A € C**", A(A) = {A1,..., \}. Then the matriz A is
normal if and only if, for each € > 0,

A-(A) = U 'D(/\jvs)' (4)



As the proof was given in [9, Theorem 2.2, p. 19] only for the case in which
the eigenvalues of A are simple, and [7, Corollary 5.3.8, p. 73] proved the “only
if” part, we give a proof for reasons of completeness.

We need some previous lemmas. The first is a characterization of a normal
matrix by its Jordan decomposition. Let

A=Y"(\P+N))

j=1
be the Jordan decomposition of any A € C™*™ whose spectrum is {A1,..., Ay},
where, for each j € {1,...,v}, P; is the Riesz projector onto the root subspace

(or generalized eigenspace) Ry, (A) of \; and along the sum of root subspaces
associated with all eigenvalues of A different from A;; and N; := (A—\;I,,)P; is
the nilpotent matrix corresponding to A;. So, P;P; = §;;P; and Z?Zl Py =1,.

Lemma 5. Let A € C"*™ and A(A) = {\1,...,\,}. Then, A is normal if and
only if
A=>"\P;,
j=1

with .PZP] = 61’ij and P; = Pj.

A proof of this lemma can be seen in [10, Theorem 8.1 (10), p. 241].

Let us fix j € {1,...,v} and let us denote by X;(e) the connected compo-
nent of A.(A) that contains \; for each ¢ > 0. We denote by v; and m; the
index and the algebraic multiplicity of A;, respectively. Let us recall that the
spectral variation of A’ € C™*™ with respect to the eigenvalue \; of A, de-
noted by sv(4,x;)(A’), is defined as the minimum of p > 0 such that the closed
disk D(A;, p) with center at A\; and radius p contains at least m; eigenvalues
(counting multiplicities) of A’. Moreover, the (Holder) condition number of the
eigenvalue \; of order 1/v; is defined by

. sVian,)(X)
vi(Ag) =1 e LT
10, (%) s 0<H?§§H§E | X — A|Y/¥

By [7, Theorem 5.4.4 (iv),(viii), p. 77-78], we have the following lemma.

Lemma 6.
c1y (/\):{lpja . Z'f’/jil,
i\ HNj”J— |Y/vi o if v; > 2.

Lemma 7. Let §;(c) be the diameter of K;(e) for each € > 0. Then

5/(0+) _ {201()‘9')7 Z:fyj =1,

0, if vy > 2.
The proof of this Lemma can be seen in [2, Theorem 4.2]. By O or O; we denote
a zero matrix or the ¢ X t zero matrix. Let us recall that a projector is a matrix
P € C"*" such that P? = P. The next lemma uses a results on the singular
values of a projector.



Lemma 8. Let P € C"™", P # O, a projector such that |P|| = 1. Then
pP*=P.

Proof. From [5, p. 235] we deduce that if o is a singular value of P, then either
o =0orelse 0 > 1. See also [1]. By a result of Djokovi¢ [4, Theorem 4] there
exists a unitary matrix U € C™*™ such that either

* . 1 S1 1 Sk
U"PU = (O O)EB”'@(O 0)@Im690t,

if P has singular values greater than 1, or
U*PU = m D Ota

otherwise.
Therefore, if |[P|| = 1, then the singular values of P are 1 and 0. So,
P =U(I,, ® O;)U*. Consequently, P* = P.

O

Proof of Theorem 4. If A is a normal matrix, then there exists a unitary
matrix U € C"*™ such that U* AU = diag(p1, -, tn)- As Ac(A) = A (U*AU),
we deduce that

AE(A) :As(diag(ﬂlw-'aﬂn)) = @(uj7€),

1

n

J

Conversely, if for each € > 0

v

A-(A) = [ DO.0),

j=1

then for each eigenvalue A; of A and each sufficiently small ¢ > 0 we have
XK;(e) = D(Nj,€). Thus, the diameter d;(e) of X;(e) is equal to 2¢. Therefore,
d5(e) = 2, and §5(0%) = 2. By Lemma 7, this implies that the index v; of \;
is equal to 1. So, ¢1(\;) = 1, which implies that ||P;|| = 1. From Lemma 8,
Pr = Pj. Therefore, the matrix A is normal.

3 Necessary results to prove Theorem 3

Given z € C, in this section we consider the matrix function

zI, — A tl,
E“*:( 0 zh—A)

defined for every t > 0, with A = diag(A1, Ag,...,A,). For that function, the
singular values are given by the following result.

Proposition 9. Given z € C, the singular values of F.(t) not necessarily or-

dered are
fzil(t)7f;fl(t)vf;,2(t)>fi2(t)7"'7 ;n(t), ::n(t>7



where, for each i =1,2,...,n

:{ (t) \/t2+2|2—>\7;2—\/t4+4t2|2—)\i|2

f;z
| 2 (5)
- 12+ 2|2 — N |2 + /14 + 4t2]2 — N2
t fz,i(t) = 2 :

Proof. It is enough to observe that, permuting rows and columns properly, the
system of singular values of F,(t) fits in with that of the matrix

n

69(2_0>\i Z*t)w)

i=1

O

Now, let us see some properties of the functions f_;(t) and f:i(t), defined
for every t > 0.

Proposition 10. Fori=1,2,...,n, we have:
(a) f2,(0) = f5,(0) = [z = A4l

(b) If 2 = Aj, then f_ ;(t) =0 fort > 0.

(c)

tl_l)r(r}o f:i(t) =00, and tll)rgo foi(t)=0.
(d) £ (t) is increasing.

(e) f,(t) is decreasing.

Proof. The statements (a), (b), (c) and (d) are immediate by (5). So, it
remains to prove that the function f ;(t) is decreasing or, equivalently, that the

function
2fz_,i(t)2 =12 420z — NP — /1 4 4e2]z — A2

is decreasing, or what is the same, that the function
g(t) := 2 — \/t4 + 4t2a2,
is decreasing for ¢ > 0. By differentiating, for ¢ > 0 we have

/(t)<0<:>2t<M<:> <M
g o TVt o+ 4t2a2 TVt + 4t2a2

a fact which is true.

et +4at?a® < (12 + 2a%)?,

Proposition 11. If |z — \;| < |z — Ag|, then for t > 0 we have:
(a) f2;(t) < £, (1)
(b) f2;(t) < F24 (D).



Proof. (a) is immediately deduced from (5). To prove (b), since f_;(t) <
foe@) & 2f (t)? < Qf;k(t)z, following from (5), it is enough to prove that

the function
g(x) := 22 — \/t* + 4222
is increasing for > 0. By differentiating, for x > 0 we find that
4%z t2
)>004r> ——— e 1> ———,
gle) 2 TVt 4 4222 TVt 4 4222

which is true.

Proposition 12. Let us suppose that |z — A;| < |z — Ag|. Then f:j(t) =[x
if and only if t = %, where

(o if A= A
N2 e 22
L2z = Ml + 2= N)7)
Proof. The case |z — A;j| = |z — Ag| is immediately deduced from (5). Now,
let us suppose that |z — A;| < |z — Agx|. Since f:,_j(t) = f_ (1), if and only if
2f:j(t)2 = 2f:k(t)2, following from (5), we conclude that f::j(t) = fox(t) if
and only if

2z — N2+ St 422 — N2 = 2|2 — M| — St A2z — N2 e
A2z — N2 = 2(12 — A2 = |2 = A [2) — 4 482]2 — A2

Now, denoting by a := 2(|z— Ag|? —|2—A;|?), which is positive, and squaring
we infer that f::j(t) = f.;(t) if and only if

th+ 42|z — N2 = + 1+ 422 — N2 = 200/t + 4822 — N2 &
200/t + 42|z — A2 = o2 + 482(|z — M2 — |2 — \j)?) = a? + 2at? &
20/th +4t2|2 — Ng|? = a + 2t2 & 41 + 16t2]2 — A\ |? = o + 4tt + 4at®.

That is,

2 a? _ (=M =)
16z — M2 —4a  2(]z = M2+ [z = \2)°

The next proposition describes the singular value og,_1 (F,(t)).
Proposition 13. Let us suppose
[z =X <lz—= M| < |z =N, i=1,2,...,n,1# j,k.

Then,
oan—1 (Fx(t)) = min{f(8), f,(8)}.
Moreover, if Aj = A\, then,

o1 (F= (1)) = f2;(2).



Proof. First, let us observe that, since |z — A;| < |z — Aj| for ¢ # j, by
Proposition 11, we have for t > 0

fo@) < fou(), and f75() < f55(0) < f5(0),

for every i # j. So,
oo (F=(t)) = f2 (). (7)
Now, let t%; be the point where + ;(t) = f2(t). Then, since fJr (t) is in-
creasing and f_; (t) is decreasing (Proposmon 10), and furthermore, f () =

f21(t5), we conclude that f;fj (t) < f.(t) in the interval [0, 7, ]. Now, follow-
ing from (7) and Proposition 11, we find that

foa() i# Gk

fL) i
Consequently, oo, (F,(t)) = ZJ( ), for t € [0,#5,]. Now, let us suppose

that t € [t5;,00). Then, since f+ (t) is increasing and f,(¢) is decreasing

(Proposition 10), and, moreover f+ (t3) = f.x(t3;), we infer that f:j(t) >

[ (t) in the interval [t%;, 00). Now, following from (7) and Proposition 11, we

have
S < R i gk
i (t) i#j,k

oon (Fa(1)) = f2;(8) < £1;(6) < f2,,(t) < {

oo (F2(1) = f.;(1) < [, (1) < {
Therefore, og,—1 (F.(t)) = Z_k() for t € [t ,00). To conclude, let us

observe that if A\; = Ay, then ¢5; = 0 and 02,1 (F.(t) = f.. R(t) = f; (t).
O

For the following property we introduce some notations. Given z € C and
Aj, A two eigenvalues of A, let us suppose that |z — A;| < |z — Ag|. With these
considerations, we define

gjk(zvt) := min{ Zj(t)a f;k(t)}v (8)
Gk = ngggjk(zvt)- (9)

With these notations, we find the following result.
Proposition 14. If t3; is defined in (6), then g%, = gji(2,t3;).

Proof. First, let us observe that, by Proposition 12, we have f] j(tjk) =
f21(t5;,). Now, as in the proof of Proposition 13, we deduce that f+ (t) < fI,()
in the interval [0,¢%,.], and f7, (t) < fF.(t) in [t7

Jk>
by using the fact that the function f J(t) is increasing and that f, (t) is de-
creasing (Proposition 10).

00). So, the proof concludes

d

Proposition 15. Let us assume that |z — A\j| < |z — Ag| < |2 — Ay|. Then, we
have:

(a) For everyt >0, gjr(2,t) < gem(2,t) and gjr(z,t) < gjm(z,t).

(b) gk < Giim and gy, < G-



Proof. Since |z — Aj| < |z — Ag| < |z — A, from Proposition 11 we infer that
for t >0,
Fo () < f2() < f2(1), and £15(0) < () < f2.(0).
So
and
min{f:j(t)a f;k(t)} < min{f;:j(t)7 f;m(t)}
Consequently, (a) follows from the expression given for g,,(z,t) in (8). (b) is
immediate by (a).
O

To conclude this section, let us see a relation between ho(z) and 95> which
are defined in (1) and (9), respectively.

Proposition 16. Given z € C and Aj, A\, two eigenvalues of A, let us suppose
that |z — Xj| < |z — Ag|. Then,

(a) If [z = Akl <[z = Ail, @ # 4, k, then hao(z) = g5,

(b) ha(z) < g5

Proof. First, let us observe that if A,, A, are eigenvalues of A such that

|Z—>\P|§|Z_)\q|§|z_)‘l|az7épaq,

then, from Proposition 13 and (8), we have

oan—1 (F:(t)) = min{ £, (t), ., (t)} = gpq(2,1).

Consequently, ha(z) = g;,. This proves the statement (a).

To prove (b), let us consider some situations: (1) j = p,k = ¢; (2) j =
p,k # q; (3) j = q; (4)J # p,q. The case (1) is immediate by the statement
(a). For (2), since |z — A;j| < |z — Ag| < |z — Ag|, then by Proposition 15 and
the statement (a), we infer that h2(2) = g5, < g3;,. The cases (3) and (4) are
proved in a similar way.

|

4 Proof of Theorem 3

In the fourth section, we proceed with the proof of Theorem 3. In order to
achieve it, the next result is key.

Theorem 17. Let A\j, A\, be terms of Eig(A). Let us assume that € > M
Let us define the midpoint of the segment of vertices A\j and Ay,

. Aj+ A

==

Then, for each z € C such that |z — 20| = pjx(€), where p;i(e) is defined in (2),
if |z = XNj| < |z — Ak| or |z — Ag| < |z — A} then

20 -

gjz.k =< or g,ij = g, respectively. (10)



-4

Figure 1: In a neighborhood of the midpoint zy between two close eigenvalues
A; and A,. Moreover, 21 = 2o + pei?t and zy = 29 + pe!(T™) are the points of
intersection of the circles centered at A; and A, and radius e.

Proof. To begin with, we assume that A\; # A;. Otherwise, the proof is easy.
To shorten notation, we write p instead of p;x(e) and

Ak—) Ak—X
.{a::Re%, b:=Im =52,

01:=m/2+arctan 2, ifa #0; 6y :=m, ifa=0, (1)

a’

ta(@) :=acosf +bsinb, 6, <0 <0, +.

It is easy to demonstrate that for each 6 € (61,60, + ), a(d) < 0; also, a(61) =
0 = a(fy + ). Let us note that, following from expression (2) we infer that

e?i=a® + % 4 p2 (12)
Furthermore, from (11) we can prove
e > pla(9)]- (13)
Now, let us define z := 2z + pel®. Then, from (11) we conclude that

. Ao — A .
z—)\j:zo+pe‘9—)\j:%—i—pe‘e:a—l—pcosﬁ—i—i(b—i—psinG).

In a similar way, we have z — Ay, = —a + pcosf +1(—b+ psinf). So, following
from (11) and (12), we have

|z — Xj|? =a?+b* + p? +2p(acosf + bsinb),
|z — A\ = a® + 0% + p? — 2p (acosf + bsinf) ,

10



that is,

— N2 =2+ 2a(0
2= A = 4 20(0)p, »
|z — Ag? = €2 — 2a(0)p.

Now, let us suppose that |z — A;| < |z — Ax|, by Proposition 14 we have
9. = 95k(2,t3;), where ¢ is defined in (6). Now, by using (14), we have

z

_ —2a(0)p
e

15
: (15)
On the other hand, following from expressions (8) and (9), as g5, = f:j (t3)
(Proposition 14), it is enough to see that 95 = f;:j (tjk = ¢ for proving the

)
lemma. Now, using the expression for Zj (t3) given in (5), we infer that

2gin)? = (5% + 20z = AP+ 50 /(E)7 + 42 — A

Now, by using the expressions for |z — \;[* and t%, derived from (14) and (15),
respectively, we conclude that

2a(0)2p? 2a(6 a(0)?p?
(gjk)2 - 7(82) P2y 2a(0)p — (5 )p\/ (8)2 P24 2a(0)p
2 2p? 2
— O‘(92 p +€2 4 20((9)[)— a e)p Ol(@)p +e
€ € €

Now, in accordance with (13) it turns out that € + «(6)p/e > 0, and we imme-
diately have (gjz-k)2 =2
The case |z — A\g| < |z — A;| can be reasoned in a similar way.

O

As a consequence of this theorem and Proposition 16, we infer the following
result.

Corollary 18. With the notations of Theorem 17,
(a) let z be such that |z — zo| = pjr(e) and

max{[|z = Ajl; |2 = A} < [z = Nl i # Gk

Then, ha(z) = €.
(b) for every z € Djk(e), where Djx(e) is defined in (3), it is satisfied that
hQ(Z) S E.

We are in a position to prove Theorem 3.
Proof Theorem 3. First, let us supoose that z € Dji(e). Then, by Corol-
lary 18(b), it turns out that ha(z) < e. So, by Proposition 2 it is satisfied that
z € Aea(A).

Reciprocally, let w € A.2(A), or, equivalently, ho(w) < e. Let us choose
Aj, Ak such that

lw— | <Jw—Xg| <|w—N|, i#£7,k.

11



. X+ Ak . ;
Now, as in Theorem 17, we define zg := Jz E then we can write w = 2o+ poe'?,

for certain pp > 0 and 6 € [0,27). Let us observe that by Corollary 18 (a), we

have ha(w) = &g, where
PYRED VA
€0 = \/p%+ (%) .

So, as he(w) < €, we conclude that

e — A\ 2
\/ij(€)2+< k2 J|> =€ > ep;

that is, po < pjr(e).
O

As a consequence of Theorem 3, we have the following result which describes
the set A, 2(A) when all eigenvalues of A are multiple.

Corollary 19. Given a normal matriz A € C*"*™ let us suppose that A(A) =
Aéa)(A) ={M1,...,A\}. Then, for every e > 0 we have

u

Aca(4) = [ Do)

i=1
Proof. Let us note that by Theorem 3, it is enough to prove that, for every
pair of eigenvalues \; # A, of A, it is satisfied

Djk(E) C D()\j,f) U ZD()\;C,E),

for each € > 0. Let us observe that if ¢ < I)‘LQ)‘"‘, then D, (e) = 0, that is to
say, this case is trivial. So, let us suppose that ¢ > w Now, if z € Djx(e),
following the notations of (11), from the proof of Theorem 17, we have

2= N2 = 22+ 2a(0)p,
|z — A% = €% — 2a(0)p.

So, if |z = Aj| < |z — Ag|, then a(f) < 0 and |z — ;| < ¢, therefore, z € D(A;, €).
If |z — Ax| < |2 — Aj], it turns out that a(6) > 0 and, therefore, |z — Ai| < ¢, so,
PSS D(/\k,E).

We think it appropriate to make the following conjecture.

Conjecture 20. If A € C"™*" is normal, then for e > 0 and k = 1,2,...,n
the algebraic e-pseudospectrum of order k of A is a union of closed disks, or the
empty set.

12



5 Geometric pseudospectra

Given a matrix A € C"*", for k = 1,2,...,n we write A,(cg) (A) for the set of
eigenvalues of A of geometric multiplicity > k.
For each ¢ > 0, we define the e—pseudospectrum of geometric multiplicity

>k of A as the set
AL = U APX),
[X—-Al<e
Also, briefly we will call this pseudospectrum, the geometric e-pseudospectrum

of order k of A. Let us note that Agfl)C (4) = A;Cg)(A). Let us also remark that
for e > 0,
AL} (A) C AT (A).

Example 21. Let Ay € C*** the matrix
5 5
diag(2, —1 + V31, -1 — V/3i, 5+ 5\/51).

In Figure 2 are showed the boundaries of AS} (Ap) in blue, AS%(AO) in red, and
AS% (Ap) in green, for e = 2.5.

-4t

Figure 2: Boundaries of the geometric e-pseudospectra.

We are going to describe the set Aig,z(A), when the matrix A € C*"*" is
normal. Thus, denoting by

D(A,8) = {z € C: |z — A <3},

and by Eig(A) the n-tuple of unordered eigenvalues of A repeating the multiples,
we arrive at the following theorem.

Theorem 22. Let us assume that the matriz A € C"*"™ is normal. Let us also
suppose that Eig(A) = (A1, Aa, ..., Ay). Givene >0, fork =1,2,...,n we have

k
M@= U N2

1<i1<i9<--<ip<n j

13



Consequently,

AW = | (DOie)NDO,e).

1<i<j<n

Proof. As A is normal, we can assume without loss of generality that A =
diag(A1, A2, ..., A ). Hence, given z € C, the system of singular values of zI,, — A
are

|z = Ml ]z = Aal, -0y |2 — Al

not necessarily ordered. We are going to use the property
A& (A) = {2 € C: op_ps1(2l, — A) < e}

First, if z € AS;(A), then o, _g+1(2I, — A) < g, that is, there exist k terms of
the unordered n-tuple Eig(A) that will be denoted by \;;, j = 1,2,...,k such
that

|z = Ayl <e.

Therefore, z € D(\;;,¢) for j =1,2,..., k. The converse demonstration can be
proved following the reverse reasoning.

6 Conclusions

If A € C™*™ is such that for every € > 0 the ordinary e-pseudospectrum of A
is the union of the disks of radius ¢ centered at the eigenvalues of A, we have
given a general proof that A must be a normal matrix.

The gist of the article is the following result. When A is a normal matrix,
we have characterized its algebraic e-pseudospectra of order 2 by means of a
union of closed disks, ones centered at the multiple eigenvalues of A and radius
e, and the others centered at the midpoints of the line segments that join each
pair Aj, A of different eigenvalues of A where at least one is simple, and radii

pik(e) = /€2 — W Also, it is possible that for sufficiently small values
of & this pseudospectrum to be empty. A similar result for the geometric e-
pseudospectra of order k of a normal matrix A is given in the last section; this
set is equal to the union of the (}) intersections of & disks centered at the
eigenvalues of A and radius . Besides, the set could be empty.

We are currently working on the Conjecture 20 for the k = 3 case, based on

papers by Tkramov and Nazari, mainly [6].
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