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Abstract

Let A, B,C, D be four complex matrices, where D € C™*™ and A €
C™ ™ is a normal matrix. Let zo be an fixed eigenvalue of A. We find the
distance (with respect to the spectral norm) from D to the set of matrices
X € C™*™ such that 2 is a multiple eigenvalue of the matrix

(e %)

We also give an expression for one of the closest matrices.
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1 Introduction

In [4] the authors found the minimum value of | X — D|| when X € C™*™ is
subject to the condition that zg is a multiple eigenvalue of the matrix

A B
(e %)

where A € C"*™ B e C"*™ C € C™*"™ and D € C™*™_ and zg is a complex
number which is not an eigenvalue of the matrix A. In this paper we deal with
the same problem when A is a normal matrix and z is an eigenvalue of A. When
Zop is not an eigenvalue of A the solution of the Problem involves matrices of
polynomials in a real variable ¢t and the inverse of square nonsingular matrices;
the case when zq is an eigenvalue of A requires matrices of rational functions in
t with a pole at ¢ = 0 and the Moore-Penrose inverse instead.

We denote by || - || the matrix spectral norm. The spectrum of a square
complex matrix M is denoted by A(M). If A\g € A(M) the algebraic multiplicity
of X\ is denoted by m(Ag, M). For a matrix N € CP*? we denote by o1(N) >
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02(N) > --- its singular values, and by NT its Moore-Penrose inverse. For a
matrix X, we denote by Im(X) and Ker(X) its image and kernel subspaces. By
O we denote the zero matrix of adequate size.

Moreover, as in [4], we can assume without loss of generality that zy = 0.
Thus the problem we are going to solve, can be set as follows: Find the minimum

min  ||X — D). (1)
XEC’VTLX'IYL

m(0.(3 §))=2

where A € C"*" is a singular normal matrix B € C"*™ C € C™*" and D €
(mem.

If for all X € C™ ™ it happens that m (0, (& £)) < 1, we agree to say that the
minimum distance (1) is infinite. Note that this case is possible without more
that to consider A = O € C"*"™ and B = C = I, for example, since for each

X € C™ ™ the matrix
o I,
I, X

is nonsingular. In Section 4, the cases in which this distance is infinite will be
determined.

To simplify we denote by L,, ,,, the Cartesian product C**™ x C**" x C™*™.
For a triple of matrices o := (A4, B,C) € Ly m, and for X € C™*™ we denote

M(a, X) = (g §> .

A lower bound of the minimum (1) was given in [4]. We will remember the
notations that appear in [4, (11) and (12)] to recall this bound, and for their use
in this paper: Given a triple o := (A, B,C) € L, ,,, and a matrix D € C"™*™,
we define for ¢t € R,

A I,
A tl,|B O 0O A A tl,
Palt) .:rank( o Alo B )—l—rank < 0 —rank (O A)’
o C
Palt) == 20+ 2m — 2 — po(t), 2)

o= (- DED)EY e
o (§ (A G R) o

S5(t, D) i= (Inm — Na(t)Na(t)") x

(G5 -GG 69

X (Iom — Mo ()Mo (t)) . (5)



We agree to write sup,s f(t) = oo if the function f: [0,00) — R is not bounded
above. This notation can also happen when f: [0,00) — R U {—o00,00} is
regarded as a function valued in the extended real line. Then the announced
lower bound of (1) is given below.

Proposition 1 ( [4], Proposition 23).

sup Opa+1(S5(t, D)) < min X —D|. (6)

Xegmxm
m(0,M(a,X))>2

where
oo ifj <1,
0 ifj>2m.

0;(S3(t,D)) == {

The aim of this paper is to prove that when A is normal and singular, the
inequality (6) becomes an equality. Specifically, we prove the following result.

Theorem 2. Let a := (A,B,C) € Ly, be a triple of matrices, where A is

normal and singular. Let D € C™*™ . With the preceding notations, we have
iugapa(t)H(SS‘(t,D)) = min IX = D|. (7)
>

Xecm)(m
m(0,M (a,X))>2

Remark 1. Let us note that in this theorem we put ¢ > 0 instead of ¢ > 0,
without loss of generality.

The organization of this work is the following one. In Section 2 we give a
simplified expression for S$ (¢, D) and we reformulate Theorem 2 in Theorem 5.
In Section 3 we introduce the auxiliary results we are going to use in this work.
We analyze the asymptotic behavior of the singular values of S§ (¢, D), both for
t — 07 and t — oo, and we establish the existence of the limits

tli)rél+ Ope (t)+1 (Sg (t, D)) and t1—1>I£lo Opg (t)+1 (Sg (t, .D))7

in Section 4. From that point on, we prove Theorem 5 throughout the following
sections until the end of Section 8. Namely, in Section 5 we calculate the
minimum (1) when the supremum

sup o, (1) +1(55 (t, D))
>0

is reached at a point ¢y such that 0 < tg < co and we prove equality (7). In
Section 6 we study the case when

sup Upa(t)+1 (520‘ (t7 D)) = thm Upa (t)+1 (SQQ (t7 D))’
t>0 —o0
and , in Sections 7 and 8 we consider the case when
SUD Tpa(t)+1 (S5(t, D)) = tLi%L Tpat)41(S5 (8, D)).
Finally, once finished the complete proof of Theorem 5, in Section 9 we give

more results that precise the equality of the supremum to the limits at 0 and
o0, ending with a counterexample.



2 Reformulation of the main result

We denote by M* the conjugate transpose of each complex matrix M. In this
section we are going to reformulate Theorem 2, simplifying the expression of
S$(t,D) for t > 0 when the triple @ undergoes a transformation of unitary
similarity given by the unitary matrix U that diagonalizes A. For this purpose
we need some properties of the Moore-Penrose inverse, which can be seen in [1,
Proposition 6.1.6, p. 225].

Lemma 3. Given a matriz A € CP*9, then we have
(1) I, — AAT and I, — ATA are orthogonal projectors.
(2) If Sy € CPXP and Sy € CI%9 are unitary, then (S1ASy)f = S5 AtST.

Another result we will need is the following one.

Lemma 4. Let U € C"*" be a unitary matriz and D € C™ ™. Then for
the triple of matrices 8 := (U*AU,U*B,CU) € Ly, ., and each t > 0 we have
S§(t, D) = S5 (t, D).

Proof. To simplify this demonstration, we introduce the following notations:

L) = <103 tﬁ;b) V= <g 8) JF(t) = (é ti") Fi(t) = VEF()V,

B O e (C O 3
6= (5 9 or-van—(§ Q)

First, as the matrix V is unitary, by Lemma 3, we deduce that (V*F(t)V)T =
V*F(t)TV. Hence, from (3) and (4), we obtain

Mpg(t) = (Ion — Fi(t) L ()T)G1 = (Tan — V*F({)VV*F(£)IV)V*G = V* M, (t),
Ns(t) = Hy(Ion — Fy(8) FL () = HV (Inn — V*F ()T VV*F()V) = Na(t)V.

Similarly, as the matrix V is unitary, we see that (V*Mg(t))" = M, (t)TV and
(No (V)" = V*N,(t)!. Therefore,

Inm — N(t)Ng(t)T = Loy — No(t)Na ()T,
Iom — Mﬂ(t)TMﬁ(t) = Iom — Ma(t)TMa(t>'

Finally, from H; Fy(t)Gy = HF (t)G, by (5), we infer that

S5(t, D)
= (Iom — No(t)No(6)1) (L(t) — HF (£)G) (Iam — Mo (t)T M, (1))
= S¢(t, D).

O

Remark 2. Let us note that if &« = (A4, B,C) and g = (U*AU,U*B,CU) are
two triples of matrices of L, ,,, with U unitary, then 0 is a multiple eigenvalue
of M(«, X) if and only if it is a multiple eigenvalue of M (S, X). Hence, by the
previous lemma, in the proof of Theorem 2 there is no loss of generality if we
consider the triple of matrices .



Now, we are going to apply Lemma 4 to compute S§ (¢, D). As the matrix
A is normal, let U € C™*™ be a unitary matrix such that

... {0 O
- (9 9).

where ¥ € C"*"2 1 < ny < n, is a invertible diagonal matrix. So, it is
understood that A # O; the case when A = O will be considered later in
Remark 4. Let us consider the partition n = n; + nsy in block matrices:

U*AU | U*B '\ _
cU D N
By Lemma 4, S$(¢,D) = Sg(t,D), where 8 = (U*AU,U*B,CU). We will

compute Sg(t, D) for t > 0.
First, let us call

) , B] c Cn1Xm7CI c (menl_ (8)

o O tl,, O
O X 0 th,]|.
Ft)=1o0 0 o o |
O O O b))
therefore,
0] O O 0]
O 1 0 —tu7?
T
FO'=|y-17, 0 o o |
0] o o x!
and
I,, O O O O O O O
O I 0O O O I O O
T n2 T — n2
FOFO' = 5 o5 o ol FOFO=|,5 5 L. O
O 0O 0O I, O O 0O I,

Consequently,

I,—CCl o Im o)

Last,

B, O
<Cl Cy O O) F(t)T By O _ <C221_BQ —tCzEQBQ)
0] O C; Oy 0O B o t_lClBl 022_132 ’
O By



From the three last equalities and (5) we deduce that for ¢ > 0, 526 (t,D) =

<(Im — C,CN(D = Cy21By)  t(I — CLCTY (I, + Co X2 By (I, — BIBI))
—t7'C1 B, (D — C%'By) (I, — BIBy) '

Thus, by Lemma 4, it follows that for ¢ > 0

PoL4 tchgPB) (9)

SQ (t7D) = (_t—lclBl L1PB

where Po = I, — C1C1, Pg :=I,, — BIBy, L1 :== D — Co%"'B, and Ly :=
I, + 02272B2.

We are going to describe a expression for S$ (¢, D) in terms of A, B,C and
D, avoiding the use of the unitary matrix U. Denoting

0O O .
R:= (0 E):UAU,

from Lemma 3, we deduce that

RI =U*ATU = <8 20_1) : (10)

As by (8) we have (Cy,Cy) = CU, from (10) we sce that
(C1,0) = (C1,Co)(I — RRY) = CU(I — U*AUU*A'U) = C(I — AANHU. (11)
Therefore
C1Cf = (C1,0)(C1,0)t = C(I — AAY) (C(T — AAT)';

that is,
Po =1, — C1Cf = I, — C(I — AAY) (C(I — A4 (12)

On the other hand, from (10) we have
(0,C4) = (C1,Co)RTR = CUU*ATUU* AU = CATAU. (13)

Moreover, by (8) we have (g;) = U*B. We infer that

0] _ RRT(BV) = U AUUATUU B = U AATB.
B B

Thus, using this last equality, (10) and (13),

CoX7'By = (0,Ch) (g 201> (gQ) = CATAUU*ATUU*AA'B = CATB.

Consequently, by the definition of L, following (9), we find that

Li=D-CyY"'By=D—-CA'B. (14)



In a similar way, we can prove
Ly =1, +CyY 2By =1, + CATATB. (15)

Moreover, as (g;) = U*B, from (10) we see that

<301> — (I - RRY) <§;> — (I - U"AUU*ATU)U*B = U*(I — AAD)B. (16)

Hence,
Pg =1, - BIBy =1, — (I - AA)B)' (I - 44")B. (17)

Finally, from (11) and (16), we know that

C1B1 = (C1,0) (%) =C(I - AANYUU*(I — AA)B = C(I — AA")B,

because I — AA' is a projector (Lema 3 (1)). Now substituting this last equality
and equalities (12), (14), (15) and (17), in (9), we conclude that for ¢ > 0,

ss.py = (PP = CA'B) tP(I,, + C(A")2B)P,
2= —-lopyB (D-CA'B)P, )’

where Py = I,, — AAt, P\ :=I,, — CPA(CP4)" and Py := I,, — (P4B){P4B.

However, from this point on, in order to simplify the demonstration, we only
consider the expression of S$ (¢, D) given in (9). Moreover, by Remark 2, we
can assume the triple a = (4, B, C) is in the form (U*AU,U*B,CU) that was
given in (8). From the definition of p,(t), see (2), we infer that

Pa(t) =2m +ny — 2 —rank(B;) — rank(C)

for 0 < t < o0.
From now on, we will abbreviate S§ (¢, D) by Sa(t). With these considera-
tions, when A # O, Theorem 2 can be reformulated in the following way.

Theorem 5. Let a = (A, B,C) € Ly, ., be a triple of matrices

_ (0 O _ (B ._
1= (G 9)5m (B).cmicnca

with By € CM>™_Cy € C"™*™ qgnd X2 € C™2*"2 qgn invertible diagonal matriz,
ny > 1. Let us define

h:=2m+n; —1 —rank(B;) — rank(C}). (18)

Given D € C™*™ for t > 0, let us define

L Pcolq tPcLyPp
S2(t) = (tlclBl L1PB ) ) (19)
where
P i=1p —CiCf, Pp:=1I,— BB, (20)



and

Ly:=D—Cy% "By, Lg:=1I, +Cy% 2By, (21)
Then
sup oy, (S2(t)) = min | X — DJ.
t>0 Xe(c?ﬂ)(?”.

m(0,M (e, X)) >2

Remark 3. Let us note that if there exists a t; > 0 such that oy, (52 (tl)) =0,
then rank (S2(t1)) < h — 1. By Section 4 of [4] we see that

A I, B O A B|tl, 0]
K O A O B _ K C D| O i,
Ml e o0 D ul, | ™™o 0o 4 B
O C O D O 0| C D
= pa(tl) +rank (Sg(tl)) S pa(tl) + h—1.
But, as
h—1=pu(t1) =2m+2n — 2 — p,(t1),
we infer that
A B|tulI, O
C D| O i,
rank O O 4 5 <2m +2n — 2.

As it can be seen in [6, pages 444—445], this inequality implies that 0 is a multiple
eigenvalue of M (a, D). Thus, by Proposition 1, Theorem 5 is already proved in
this case. Therefore, from now on we will assume that oy, (S2(t)) > 0 for t > 0.

Remark 4. When the normal matrix A is the n X n zero matrix, the statement
of Theorem 5 is reduced to

((Im —cchp (I, — cCH(I,, — BTB))

—+-10B D(I,, — B'B) = min X — DI,

XGC’VVLX’VVL
m(0,M (o, X)) >2

Sup oy
>0
(22)
where k := 2m 4+ n — 1 — rank(B) — rank(C'). The proof of (22) might be done
following similar reasonings to the A # O case, replacing By by B, Cy by C, L,
by D, Lo by I,,,, and removing 3, B and Cs.

3 Auxiliary results

In this section we are going to introduce some results that will be used in this
work. In the first one, we give some properties of the Moore-Penrose inverse,
which can be seen in [1, Proposition 6.1.6, page 225; Fact 6.4.8, page 235] and [2].

Lemma 6. Let A € CP*? be a matriz. Then

(1) Ker(I, — AAT) = Tm(A), Im(I, — AAT) = Ker(A*) = Ker(AT).

(2) Ker(I, — ATA) = Im(A*) = Im(A"), Im(I, — ATA) = Ker(A).

(3) € Im(A) if and only if v = AATx; x € Im(A*) if and only if z* = 2*ATA.
(4) If rank(A) = p, then AAT = I,; if rank(A) = q, then ATA=1,.

(5) Let F € C9*". Ifrank(A) = rank(F) = q, then (AF)" = FTAT.



With this lemma and Lemma 3, we get the following properties for the
matrices Po = (I,, — C1C1) and Pg = (I,,, — B By), defined in (20).

Lemma 7. (1) Pc and Pp are orthogonal projectors.
(2) Ker(Pe) = Im(Cy), Im(Pg) = Ker(C}) = Ker(C).
(3) Ker(Pp) = Im(B;) = Im(B]), Im(Pp) = Ker(B,).
(4) If rank(Cy) = rank(B;) = ny, then (C1B;)t = BIC].

We will need in Sections 6 and 8 the following lemma.

Lemma 8 ( [4], Lemma 33). Let {tx}3>, be a sequence of real numbers which
tends to oo when k — co. Let G € CP*P be a matriz and let xy,y, € CP*1 k=
1,2,... be vector sequences such that

(i4) supg_q2. |ltx(zx)*G| < T < oo, where T is a positive constant.

Then
lim ¢y (zk)* Gy = 0.
k—o0

With respect to the asymptotic behavior of the eigenvalues of matrix func-
tions, we have the following result.

Lemma 9 ( [5], Lemma 5). Let F(t) = G(t) +t 'H € CP*P where G(t) is a
Hermitian matriz function analytic on an open interval J C R around 0, and
H is a constant Hermitian matriz such that rank(H) = r. Assume that H has
a spectral decomposition

Ar *
H-mav) ()i,

with unitary V.= (V1,V2) and A, € R™ " is a diagonal matriz. Then as t
approaches 0, r eigenvalues of F(t) tend in absolute value to oo, and the rest to
the eigenvalues of V5'G(0)Va.

Hence we will deduce the following result for singular values, which will be
used in Section 4.

Lemma 10. Let K(t) = L(t) +t~1M € CP*P, where L(t) is an analytic matriz
function on an open interval J C R around 0 and rank(M) = s. Consider the
singular value decomposition of M

v=r) (G Q) @

with unitary (P, Py) and (Q1,Q2) and X5 € R**5. Then as t approaches 0,
s singular values of K(t) tend to oo, and the rest to the singular values of the
matriz Py L(0)Q2.

Proof. Observe that in the matrix function, valued in C2?P*2P,

N(t) = (K*O(t) Ko(t)) = (L*O(t) Lg)> it (z\? ]\04) = R(t) +175,



the matrices R(t) and S are Hermitian, R(t) is analytic around 0 and rank(S) =
2s. Let us note that, by the Jordan-Wielandt lemma, the eigenvalues of N(t)
are

+o1(K(t)),...,top(K(1)).
Consider the unitary matrix (V;, Va) € C?P*2P with

Vi = i (Pl P > € (C2p><25, Vo = i <P2 Py ) € C2rx2(p—s)

V2 \@1 - V2 \Q2 —Q2
Then
s O O
S:(Vlav2> 0 - @ (VlvVQ)*’
O O O

is a spectral decomposition of S. Hence, by Lemma 9, when ¢t — 0, 2s eigenval-
ues of N(t) tend in absolute value to co; and the rest to the eigenvalues of the
matrix

VRO, = & (G OP+BLOQ: QL (0)P: — FEL(0)Qs
2 279 _QEL*(O)PQ + PQ*L(O)QQ _QSL*(O)PQ _ PQ*L(O)QQ .

Taking the unitary matrix

we deduce that the eigenvalues of V5" R(0)V5 are the eigenvalues of

XVFR(0)VaX = ( " P 2L(0)Q2) ,
that is, £01(PyL(0)Q2), ..., top—s(Ps
O

To conclude this section, we give some results about the singular values of

matrix functions of a real variable. The first one can be seen in [6, Lemma 4
and (9)].

Lemma 11. Let F(t) € C?*7 be an analytic matriz function on an open set
Q C R. Then, there exist unitary matriz functions U(t),V(t) and a diagonal
matriz function X(t) = diag(61(t),62(¢),...,0,(t)) € R, qall of which are
analytic on Q, such that fort € €,

U POV () = ().

Moreover
i(t) = Re (u] (1) F'(t)vi(t)) -
Another result, which will be used in Section 5, is the following one [6,
Lemma 5.

Lemma 12. Let Q be an open subset of R and F :  — C™*™ be an analytic
matriz function on Q. If the function o; (F(t)) has a positive local maximum (or
minimum) at ty € S0, then there exist a pair of singular vectors u € C™*1 v €
C"*1 of F(ty) corresponding to o;(F(to)) such that

Re (u*F'(tg)v) = 0.

10



4 Asymptotic behavior of the singular values

In this section, we analyze the asymptotic behavior of the singular values of the
matrix function S (t) defined in (19), both when ¢ — 0 and ¢ — co. We start
with the ¢t — 07 case.

Lemma 13. Let Sy(t) be the matriz function in (19), and assume that s =
rank(Cy B1). Then when t — 0%, the s first singular values of So(t) tend to co,
and the 2m — s remaining ones satisfy

. <PCL1(Im —(C1B)IC1By) @) ) .

t1—1>r(§1+ stk (92(1)) = o 0] (In, — C1B1(C1B1)") L1 Py

fork=1,...,2m —s. If rank(By) = rank(C1) = nq, then when t — 0%, the ny
first singular values of Sa(t) tend to oo, and the 2m —ny remaining ones satisfy

. PoL P (0]
grgl+anl+k(52(t)):0k( COI B PCL1P3> fork=1,...,2m —n,.

t

Remark 5. Note that the block PoLiPg in the last matrix is repeated. This
will matter later on.

Proof.
First, by (19), we have

_ (PoLy tPoLaPg\ , ,.1( O O\ _ 4
s = (Feb eBaP) L or (L0 O) o

with L(t) analytic in a neighborhood of 0 and rank(M) = rank(CyB;) = s. Let

(U1,Us), (V1,Va) be unitary matrices of C™*™, with Us, Vo € Cm*(m=s) such
that

(U1, U2)"(=C1 By)(V1, V) = (% 8) ) (23)

with X5 € R**%_ gives us the singular value decomposition of —C By. Therefore,
considering the unitary matrices

(0 O L\ ., (Vi V» O
P'(Ul U, 0>’Q'(0 0 Im)’
(8. 0
PMQ_<O O).

(0 L\ . (Vs O
P2~<U2 O>7Q2<O Im>’

by Lemma 10 we see that when ¢t — 0%, the s first singular values of S3(t) tend
to oo, and the rest to the singular values of

we deduce that

Calling

. 0] UL, P
P;L(0)Qy = <P0L1V2 2 01 B).

11



Hence, for k =1,2,...,2m — s,

. PoLy Vi @)
lim 0,4 (Sg(t))ak( © 01 2 UsLy PB>‘ (24)

t—0+

Asby (23), —C1B1Vh = U125 and —(C1 B1)*U; = V1 55, from Lemma 6(1)(2)
we get first

U, = —ClBlles_l = Im(Ul) C Im(ClBl) Ker( — ClBl(ClBl) )
—(ClBl)*UlZ;1 = Im(Vl) - Im((C’lBl) ) Ker( (C’lBl)TClBl)

But, given that I,,, — C1B1(C1B1)" and I,,, — (C1B;1)'C By are orthogonal pro-
jectors in virtue of Lemma 3(1), we infer that

Ui(I,, — C1B.(CiB)Y) =0, (I, — (CiB))'C1B)V; =O. (25)
Similarly, from (23) and Lemma 6(1)(2), we see that

(ClBl)* =0 = Im(Ug) C Ker ((ClBl) ) = Im( — ClBl(ClBl) )
ClBl% 0= Im(‘/g) C Ker(ClBl) = Im( (C’lBl)TC’lBl)

Thus
U; (Im — C1B1(C1B)1) = U3, (In — (C1B1)TCLB1)Va = Va.
Consequently, with (25) and these two last equations, we deduce that
(O, PcL1V3) = PCLl( (0131)TC1B1)(V1,V2)

Substituting these equations in (24) we prove the lemma in the first case.

To prove the lemma in the rank(B;) = rank(C1) = n; case, as s = rank(C1By) =

ny, it is sufficient to see that I,, —C1 B, (C1B1)' = Pg, I,,—(C1B,) C1 By = Pg.
In fact, given that rank(B;) = rank(C7) = np, then CICl = BlBI = I,, by
Lemma 6(4). And (C1B;)f = BIC}L by Lemma 7(4). Hence

I, — C1By(C1By)t = I, — C1 B, BiCl = I,,, —clcT Pe,
—(C1B)TCLBy = I, BCTClBl—I — BIB, = Pg.

For the t — oo case, we have the following result.

Lemma 14. Let So(t) be the matriz function in (19). Let us call L := PoLoPp,
and assume that ¢ = rank(PcLoPp). Then when t — oo, the ¢ first singular
values of Sa(t) tend to oo, and the 2m — ¢ remaining ones satisfy

. B Po(I, — L)L, 0
Mmook (S2(8)) = oerk ( o) Li(I, — LTL)Pg

fork=1,...,2m — /.

Remark 6. Let us note that the matrix in the right hand side is 2m x 2m.

12



Proof.
Let (Uy, Us), (V1, Vo) be unitary matrices of C™*™, with Us, V, € Cmx(m=0)
that perform the singular value decomposition of L

O O

with ¥, € R®*. Applying a similar reasoning to the one of the previous lemma

for the matrix function
- _( PcLy t~1L
S2(t) = (—tC’lBl LiPg)’

we find that when t — oo, the ¢ first singular values of Ss(¢) tend to oo, and
the 2m — ¢ remaining ones satisfy

(Uy, Up)*L(V4, V) = (Ef O) , (26)

. _ Ui PcLy ) B
tlg(r)lo ootk (S2(t)) = ok ( 0 L.PsVs fork=1,....2m—¢.  (27)

Let us note that as Po and Pp are orthogonal projectors, then PoL = L
and PgpL* = L*. Hence, from (26) and by Lemma 6(1)(2), we obtain first
PcU, % = PoLVy = LVy = Im(PcU;) € Im L = Ker(I,,, — LLY),
PpV1%y = PgL*U; = L*U; = Im(PgVy) C Im L* = Ker(I,,, — LTL).

Therefore, as by Lemma 3(1) I,,, — LL" and I,,, — LT L are orthogonal projectors,
then

Ui Po(I, — LLYY =0, (I, — L'L)PgV; = O. (28)
Similarly, from (26) and Lemma 6(1)(2), we have
O = UL = UjPcL.
Thus
U; Po(I,, — LL") = Uj P, (I, — L'L)PgVy = PgVs.
Substituting these two last equalities and (28) in (27) we have proved the lemma.
O

Remark 7. Taking into account the expression for h given in (18), Lemmas 13
and 14, and Proposition 1, we conclude that if

2m+ny — 1 —rank(B;) —rank(C;) < max{rank(CyBj),rank(PcL2Pg)}, (29)

then sup,.q op (S2(t)) = co. That is, there is no matrix X € C"™*™ such that 0
is a multiple eigenvalue of M («, X). Consequently, Theorem 5 is proved in this
case. Therefore, from here on we will assume that

2m 4+ ny — 1 — rank(B;) — rank(C4) > max{rank(C1B;),rank(PcLaPg)}.
Remark 8. Once proved Theorem 5 we will be able to assert that
min |IX — D =00
XGC’VYLX’VYL
m(0,M(x,X))>2
if and only if inequality (29) is satisfied.

In the next section the proof of Theorem 5 starts and continue until the end
of Section 8.
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5 When the supremum is a maximum
Given g # 0, in agreement with the notations (18) and (19), let us call

gpg = 0Op (SQ(tQ)) 5

where we assume og > 0. Let

v ()= () &

be a pair of singular vectors of Sy (to) associated with oo, where uy,us,v1,ve €
(mel.

Using [6, Section 4] and [3, Section 4] we will establish some properties of
u,v. First, as Sa(to)v = ogu and Sa(tg)*u = ggv, from (19) and (30) we get

PoLivy 4+ togPo Ly Pgvs = oguy, and toPBLSPCul + PBL’{'U/Q = oqgU2.

Hence, as o > 0, from the two previous equalities we deduce that u; € Im(Pc¢)
and vy € Im(Pg). Thus, by Lemma 7(2)(3) we have Cju; = 0, Pcu; = wuy
and Bjvy = 0, Pgvy = va. Theses equalities joint with Ss(to)v = opu and
Sa(to)*u = ogv, imply the following equations.

PcLivi + tgPoLovs = ogus, (31)
—to_lClBlvl + Livy = ogus, (32)
Liuy — ty ' BiCus = ogv1, (33)
toPgLiuy + PgLius = ogua, (34)
Ciuy = Cluy =0, (35)

Bivs = 0, (36)

Pcuy = uq, (37)

Ppvy = vg. (38)

Substituting (37) in (31) we see that Po(Lyv1+toLava—ooui) = 0. Therefore
from Lemma 7(2) we have Liv; + toLove — opur € Im(Cy). Consequently
by Lemma 6(3),

ClOI(lel +toLovy — UOul) = L1vy + toLave — oguq, . (39)

Multiplying to the right equations (31)—(34) by uj,u}, v}, v5 respectively,
conjugating (37) and (38), ui Pc = uf, v Pp = v}, we conclude that

UTlel + t()uTLQ/UQ = oouful,
—talu;C&Bl’Ul + u§L1U2 = O'o’UJ;LLQ,
viLiuy — tg v By Cug = ogvivs,
tovs Lyur + vy Liug = oov5vs.

Subtracting the conjugate of the third equation to the first one and the
conjugate of the quarter equation to the second one, we conclude that

oo(uiur — vivy) = toui Lave + ty 'usCy Byvy = —og(ubug — v3v2). (40)

14



Multiplying to the right (32) and (33) by uj and v} respectively and using
uiC7 =0 (35) and Byvs = 0 (36), we obtain

* * * T % *
uy L1ve = opujua, vyLiui = opvsvi.

Hence, subtracting the conjugate of the second equation to the first one, we see
that og(ufuz — vive) = 0. As og # 0, we infer that

ujug = vyva. (41)

Remark 9. Note that €3 equations (31)—(41) remain valid for each pair of
singular vectors associated with a nonzero singular value of Sa(t) for ¢ # 0.
This remark will be important in Sections 6 and 8.

Now assume that o, (S2(t)) attains a relative extremum o := o, (Sa(to)) >
0 at tg # 0. Then, by Lemma 12, there exists a pair of singular vectors u, v of
Sa(to) corresponding to oy, (S2(o)) such that

*qt _ * 0 PcLyPp _
Re (u*S5(to)v) = Re (u <t52C’1B1 0 ) v> =0.

Partitioning the vectors u, v according (30), we have
Re(t62u301317)1 + UTPCLQPBUQ) =0.

Since tg # 0 and ujPcL2Ppvs = ujve (by (37) and (38)), we deduce that
Re(talu§ClBlvl + touiLavy) = 0. Hence, from (40), we see that

ujul = viv1, UsUs = V3U3. (42)
Now let us define the matrices
V= [v1,v3] € C™*2, U := [ug,ug] € C™*2,
By (41) and (42), we have V*V = U*U. Hence, the matrix
Dy :=D —ooUVT,
satisfies | D — Dg|| = op and
DoV =DV —ooU, U*Dy=U"D —ogoV™. (43)

(see [4], page 1208, (35)) Consequently, to prove Theorem 5 in this case, it
suffices to prove that 0 is a multiple eigenvalue of the matrix M («, Dy).

Since rank(V*V) > 1, we have two possibilities: rank V = 1 or rank V' = 2.
In the rank V = 1 case, we will analyze the subcases when vs # 0 and when
Vo = 0.

5.1 rankV =2

Note that rank V' = 2 implies that v; and v, are linearly independent. Hence,
to prove that 0 is a multiple eigenvalue of M («, Dy) it suffices to see that

15



0] 0] Bl V) zZ1 z9 z1 0 —t
O Y By we wy | = |wy wy (0 00>,
Ci Cy Do) \v2 vy vy

with
2o = —talBl’Ul, 21 = _CI(Ll'Ul + togLovg — Uoul),
Wo = —2_1321}2, w, = toZ_QBQUQ - E_lBgvl.

Making operations and using that Byvy =0 (36) and Dove = Dvs —ogug (43),
the problem is reduced to verify the fulfillment of the equalities

—talclBl’Ul - 022_1321}2 + Dvy = ogus,
—Cch(lel + toLovy — Uoul) + toCQZ_QBQ’UQ — 022_1327)1 + Dvy — oguy = —tova.

Since by (21) we have L1 = D — CoX !By and Ly = I, + Co¥ 2By, the two
previous equalities are reduced to

—talCleH—Lgvg = OgUz2, —Cch(L11)1+t0L2112—0'0U1)+L11}1—HfoLQ’Ug—O'Oul =0,

which are true by (32) and (39), respectively.

5.2 rankV =1 and vy #0

Observe that in this case v;1 = Avy and u; = Ausg, for some A € C. Hence, as
vy # 0, to prove that 0 is a multiple eigenvalue of M («, Dg) it suffices to find a
vector w € C™*! such that

O O Bl 0 w
O by B> —2_1321)2 _E_2B2U2
Ci Cy Dy Vg 0

0 w 0 1

= —Z_lBgvg —E_QBQUQ R (44)
0 0

V2 0

because this means that the columns of the matrix

0 w
7271B2U2 727232"02
(%) 0

form a Jordan chain of 0 as eigenvalue of M (c, Dy).
Multiplying the matrices in (44), we have

Byvg 0 0 0
—Bovo + Bovs 7271321}2 =10 727132112 (45)
—ngilBQUz + D()’UQ Clﬂ) — C2272BQ'02 0 Vo

By (36) Byiva = 0, so the (1,1)—entries in (45) are equal. By (43) Dgvy =
Duvs — ogus, hence, using the definition of Ly,

—022_1321}2 + D(]’l)2 = .D'UQ - CQE_lBQUQ — OglUg = L1’U2 — OpU2.
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As v1 = Avg and Bjvy = 0, then Byv; = 0. From (32), Live = ogus, thus
the (3,1)—entries in (45) are equal. Equating the (3,2)—entries, and by the
definition of Lo, we have

Ciw — CQZ_zBQ'UQ =1y, Chw=1vy+ 022_232’1)2, Ciw = Lavs.
Thus the vector w must satisfy Ciw = Lavs. This vector exists if and only if
Lovy € Im C7 = Ker Po by Lemma 7(2).
As Bivy =0, u1 = Aug, v1 = Avg, from (31) and (37) we have
)\PcLl’UQ + toPcLQUQ = )\0'011,2;

since Live = ogug, we obtain tgPoLsves = 0. But tg # 0, so PocLavy = 0.
Therefore, Lovs € Ker Pe.

5.3 rankV =1 and v, =0

As vy =0, then ug = 0, v1 # 0 and u; # 0. Hence, to prove that 0 is a multiple
eigenvalue of M (a, Dy) it suffices to find a vector w € C"**! such that

(o —uiCyn! u;> 8 g g; (0 0)(0 —urCyn! u*{)'

w* —ujCe¥ ™2 0 C, Cy Dy 1 0) \w* —ujCx™2 0
(46)
This means that the vectors
w 0
—2_205’11,1 R —E_lC§u1
0 (751

form a Jordan chain on the left of 0 as an eigenvalue of M («, Dg). Multiplying
the matrices in (46), we will have to prove the following equality.

uTCl *UTCQ + UTCQ *'U/TCZEilBQ + UTDQ . 0 0 0
0 —’LL’{CQEil w*By — UT02272B2 —\0 —UTCinl UT

The (1,1)—entries are equal, because ujC; = 0 by (35). Let us see the reasons
of the equality of the (1,3)—entries. By (43), uiDg = uiD — ogv}. So,

—uiCoY By +ui Dy = 0 <= —uiCoX ' By + uiD = ogv}.
By the definition of L;, the last equality is equivalent to ujL; = ogvi. As
ug = 0, (33) implies Liu; = ogv;. Finally to prove the equality of the (2,3)—
entries, we must prove the existence of a vector w such that
w* By — ujCyY 2By = uj.
By the definition of Ly, the vector w must satisfy w*B; = u}La; that is Bjw =

Liuy. Such a w exists if and only if Liu; € Im B} = Ker Pg, by Lemma 7(3).
Since ug = vo =0, ¢y # 0, and (34), PgLiu; = 0.
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Remark 10. We have proved Theorem 5 when the function ¢ — o, (S2(t)) has
a positive local extremum at a point g # 0. Note that if for a positive integer
q we have op44 (S2(t)) # 0, for ¢ # 0, we can apply the same reasoning to the
function t — opyq (S2(t)). Therefore, as in [4, Corollary 30], we deduce the
following result.

Corollary 15. The function t — oy, (S2(t)) has no relative minimum in (0,00).
Moreover for each positive integer q, either op4q (S2(t)) = 0 for t # 0, or the
function t — op1q (S2(t)) has no relative minimum in (0, 00).

6 When the supremum is the limit at oo
In this section we study the case when

sup op, (Sg(t)) = lim oy (Sg(t)) = 0y.
t>0 t—o00
Observe first that Lemma 14 warrants the existence of the limit, which is finite
because h > rank(Pc Lo Pg). Consider now a sequence of real numbers {¢;}7° ;
which tends to co when k — oo, and let denote 6, := 0 (S2(t)). Then

lim &k = 09-.
t—o0

For each k, let

k uy k oy k ok 1
o — mX .
wo=| %), vi=( 1], u,veC , 1=1,2

Ua Ug

be pairs of singular vectors of So(ty), associated with . As the vectors u*

and
v* are unitary, the sequence {(u*,v*)}2° | has a convergent subsequence, say to
(u,v). In order to simplify we will denote the terms of this subsequence with

the same index k. Then

. U . v
lim v =u=: ("} , lim o =0 =: ).
k—o0 U k—o0 (%)

For each sufficiently large k, the equalities (31)—(38), (40), and (41) are
satisfied for ¢y, u*,v* and &, instead of tg,u,v and oy. Hence, taking limits, we
infer that

klim PoLyvk = PoLavs = 0, (47)
— 00
Live = opus, (48)
Liul = 0ov1, (49)
klim ty PpLiuf = ogvy — PpLius, (50)
—00
Jim PpLiuf = PgLiu; =0, (51)
— 00
Ciuy = Cluy =0, (52)
Bivy =0, (53)
klil{:otk(ulf)*Lgvg = UO(UTUI - ’UT'Ul) = _UO(USU2 - ’USUQ)? (54)
ujuy = vyvs. (55)
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We are going to apply Lemma 8 to t(u¥)*Lovk = ti(uf)* Po Ly P, for
each k, because (u¥)* = (uf)* Po and v§ = Pgvh, by (37) and (38), respectively.
Let z := uf, yx, := v§ and G := PcLyPp. Then by (47) we have

lim Gy = lim PoLyPgvs = lim PoLyvs = 0.

k— o0 k—o0 k—o0
On the other hand, |tx2;G| = ||tk (u})* Po L2 Pg| = ||tk PeLiu¥| is bounded in
virtue of (50). Thus, applying Lemma 8, we see that

lim g (u})* Lovk = lim ty,(u¥)* Po Lo Ppvb = 0.

k— o0 k—o0
Substituting this equality in (54), we conclude that uju; = viv; and udug =
vive. Hence, if we consider the matrices V = [v1,v2], U = [uy,us], from
the two preceding equalities and (55), we have U*U = V*V. Therefore, as in

Section 5, the matrix
Dy :=D —ooUVT,

satisfies | D — Dy|| = o¢ and
Dyvy = Dvg — ogue, ujDy =uiD — oguy.
By the definition of Ly, given in (21), from (48) and (49), we see that
Dovy = CoX ™" Byva,  ujDy = ujCo¥ ™" By. (56)

Hence, to prove Theorem 5 in this case, it suffices to prove that 0 is a multiple
eigenvalue of the matrix M («, Dy). Once here, we are going to consider two
cases: vy # 0 and vo = 0.

6.1 ’Ug#o

As vy is nonzero, to prove that 0 is a multiple eigenvalue of the matrix M («, Dy),
it suffices to find a vector w € C™*! such that

O 0 B 0 w 0 w 0
O > By 7271B2’U2 7272B21}2 = 7271321}2 7272B2’U2 (0
C1 Cy Dy V2 0 V2 0

Multiplying these matrices, as Biva = 0 by (53), and Dovy = CoX71Bovs
by (56), the problem is reduced to find a vector w that satisfies C;w—CoX "2 Bvy =
vg. That is, using the definition of Ly, given in (21), it suffices to find w such
that

Clw = L2'U2.

Hence, there exists w if and only if Lyvy € Im Cy, or which is equivalent by
Lemma 7(2), if and only if Lovy € Ker Pe, which is true by (47).

6.2 Vg = 0

In this case us = 0 and u; # 0. Thus, it suffices to find a vector w € C™*!
such that

(0 TR ol u;> oo b (0 0)(0 iy u“{)
* ok —2 2 — * % —92 .
w uiCoX 0 O, Cy Dy 1 0)\w uyCoX 0
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Multiplying these matrices, as u{C; = 0 by (52) and ujDg = ujCo¥X "1 By
by (56), it suffices to find a vector w such that

UJTBl — UT0227232 = UT <~ B’fwl = L;Ul,

having used the definition of Lo, given in (21). Consequently, there exists w if
and only if Liu; € Im By, or which is equivalent by Lemma 7(3), if and only if
Liuy € Ker Pg; which is true by (51).

7 When the supremum is the limit at 0, and
rank(Bj) < ny or rank(Ch) < ny

In this section we assume that rank(B;) < n; or rank(C;) < ny, and we consider
the case when

Sup o (S2(1)) = lim o4 (S2(1)) = oo.

To shorten notation, we write s instead of rank(C; By). First, let us observe
that Lemma 13 warrants the existence of the limit. Moreover, by the same
lemma and denoting

Ty i=1I, — (C\B) C1By, Ty :=1I,, — C1B1(C1By)Y,

as h > s, we have

tl_i>%1+ on (S2(to)) = on—s (Pcé1T1 TQLOlpB) =00 > 0.

We are going to prove some properties of the singular vectors of PoL,T; and
T5L1 Pg. Assume that o is a singular value of Po LT} and let (u,v) be a pair
of singular vectors corresponding to it. As PoL1Tiv = ogu, by Lemma 7(2), we
have u € Im(P¢) = Ker(CY), that is Pou = u, ©*C; = 0. On the other hand,
as 'L Pcu =T Liju = oy,

Liu—ogv = (C1B1)'C1 B Liu € Im(Cy B;)" = Im(C, By)* € Im(B7).

Hence, by Lemma 6(3), we see that u*L; — opv* = (u*L1 — Jov*)B}LBl. Thus,
as (u,v) is a pair singular vectors of PoL1T associated with og, we infer that

PcLlTll] = 0oou, (57)

Ty Liu = ogv, (58)
Pou=u, u*Cy =0, (59)
)

uw*Ly — ogv* = (u*Ly — ogv*) B By. (60

Similarly, using Lemmas 7(3) and 6(3), if (x,y) is a pair of singular vectors of
Ty L1 Pp associated with og, we conclude that

Ty Ly = ooz, (61)

PpLiTex = oy, (62)

Ppy =y, Biy =0, (63)

Lyy — ooz = C1Cf (Lyy — oo). (64)

To concluding the proof of Theorem 5 in this case, we are going to consider two
cases: (1) og is a singular value of PoL1T7y; (2) og is a singular value of T5 Ly Pp.
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7.1 o0y is a singular value of PoL,T)

Let (u,v) be a pair of singular vectors of PoL,T) associated with og. For the
entire subsection let
Dy := D — cquv™.

It is clear that |D — Dy|| = 0¢. Besides, by (60), we have

O 0 B
(—(u*Ly —ogv*)Bl, —u* 2L u*) [ O 2 By | =o. (65)
¢, Cy Dy

At this point, we consider two subcases: (1) rank(B;) < n; and (2) rank(C}) <
ny = rank(By).

7.1.1 rank(B;) <m

In this case, there exists a nonzero vector z € C™**! such that z*B; = 0. Thus,

0O O B
(Z*,O7O) O by BQ =0.
C1 Cy Dy

This, together with (65), proves that 0 is a multiple eigenvalue of M (a, Dy).

7.1.2 rank(C}) < n; = rank(By)

As rank(C7) < ny there exists a nonzero vector z € C™*! such that Cyz = 0.
Therefore

0] O Bl z
O ¥ B 0] =0.
Cl 02 Dy 0

Thus, by (65), to prove that 0 is a multiple eigenvalue of M («, Dy) it suffices
to see that

z

(—(U*Ll — Uov*)BI, —U*CQZil, u*) (0> = —(U,*Ll — aov*)BIz =0.

Since rank(B;) = ny, (58) implies Liu — oqv = (C1B1)'Cy By Lu and BlBI =
I,,. Thus

(’U,*Ll — UoU*)BIZ = u*Ll(ClBl)TClBlBIz = U*Ll(ClBl>T012 = O,
because C1z = 0.

7.2 o0y is a singular value of 7,1, Pgp

Let (z,y) be a pair of singular vectors of T L1 Pg associated with og. In this
subsection we define
DO =D — aoxy*.
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Again we have |D — Dy|| = 0¢. From (64), we see that

O O B fC’I(Lly — oox)
0] by 32 *EilBgy =0. (66)
C1 Cy Dy Yy

Now we will consider two subcases: (1) rank(C) < n; and (2) rank(By) < ny =
rank(Ch).

7.2.1 rank(Cy) <my

In this case there exists a nonzero vector z € C™ *! such that C;y = 0. Hence,

0] 0] B1 z
O X Bs 0] =0.
Cl C2 D() 0

This, together with (66) proves that 0 is a multiple eigenvalue of M (v, Dy).

7.2.2 rank(B;) < ny = rank(Ch)

As rank(Bj) < ny there is a nonzero vector z € C"*! such that 2*B; = 0. So

0O O B
(2,0,00| O £ By| =0
C, Cy Dy

Therefore, to demonstrate that 0 is a multiple eigenvalue of M («, Dy), it suffices
to see that

~Cl(Ly — oow)
(2%,0,0) —X"1Byy = —Z*CI(Lly —opzx) =0.
Y

Since rank(C;) = ny, (61) implies L1y — ogz = C1B1(C1B;) L1y and CICl =
I,,,. Consequently

Z*CI(Lly — U()iE) = Z*CIC&Bl(ClBl)TLly = Z*Bl(clBl)TLly = 0,

because z*B; = 0.

8 When the supremum is the limit at 0, and
rank(B;) = rank(Cy) = ny

In this section we assume that rank(B;) = rank(C4) = ny, and we consider the
case when

iglo) o (Sg (t)) = t£%1+ o, (52 (t)) .

As rank(B;) = rank(Cy) = ny, by Lemma 6(5), we have C{Cy = BiBl = I, ;
this fact will be used frequently along the section. Besides from (18) it follows
that h = 2m — nq — 1. Since rank(C1B;) = n1, by Lemma 13 we have

tgr(l)lJr Op (Sg(t)) = tl_i>r(€l+ Oh+1 (Sg(t)) = Om—n, (PcLlpB) =009 > 0.
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Thus there exists an ¢ > 0 such that the functions ¢ — oy, (S2(t)) and t —
oht1 (S2(t)) are nonincreasing on the interval (0, ¢).

If o is a multiple singular value of Po L Pp, then there are pairs of singular
vectors (ug,v1), (ug,ve) of PoLiPp associated with og so that U*U = I, =
V*V, where U := [u1,ug] and V := [v1,v2]. Define now the matrix

Dy :=D —oqUV™.

Since ||[UV*|| = 1, it follows that ||D — Dy|| = 09 and U*Dy = U*D — goV'*.
Given that L; = D — C2X 7! By, by (59) and (60) we have

0 0 B
(—(ufLy —oov)Bl, —uCo2~Lu) [ 0 % By| =0, i=1,2
Ci Cy Dyg

that is, 0 is a multiple eigenvalue of M («, Dy).

Now assume o is a simple singular value of PoL;Pg. We will consider the
matrix function ¢ — ¢Ss(t), which is analytic on R. Then, by Lemma 11, there
must be some 2m X 2m unitary matrix functions

U(t) := (Ui(t), Ua(t) ... U (t)) , V(t) := (V1(2), Va(t) . .. Vam(t))

and a diagonal matrix function X(t) = diag (51(¢),52(t), ..., 02m(t)) € RZm*2m,
all analytic on R, so that for each t # 0 we have

U0 tSa(0)V () = S(t) & Ut)* Sa(t)V () = ding(5:()/1):

Observe that for some interval (0, a), with a > 0, we can assume without loss
of generality that all the functions &;(¢) are nonnegative on it. Let j, k be now
the unique subscripts such that

o;i(t o1 (t
lim JJ( ) = lim 7k (t)
t—0+ L t—0t t

= 0yp.

Thus, it is correct to assume that for each positive ¢ sufficiently close to 0 we
have 6,(t) > 6% (t). Define the functions

Then, we see that

li t)= li t) =
tf&f() anr)hg() 70,

and there exists a b > 0 such that f(t),g(t) are analytic on (0,b), and for
t € (0,b) we have the inequality f(t) > g(t).
Let us denote

and
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where U;(t), Ux(t) and V;(t), Vi(t) are the column vectors of U(t) and V (¢) cor-
responding to the places j and k, respectively. Since they are analytic functions,
we infer that the following limits exist

: (ul) , lim o(t) =v:= <vl> ,
t—0+ U2 t—0+ V2

lim u(t) =u
. T . a1

1 t) = . 1 t) = = .

t—l>%l+ w(t) == <I2> ’ t—l>%l+ vt =y (92)
Moreover, (u(t),v(t)) and (x(t),y(t)) are pairs of singular vectors of Sy(t) asso-
ciated with the singular values f(t) and g(t), respectively. Therefore, for each
t € (0,b) the equalities (31)—(41) for (u(t),v(t)) and f(t), and for (z(t),y(t))
and g(t), respectively, are satisfied.

First note that from (32) we deduce that

and

lim ClBl'Ul(t) = ClBl’Ul =0.
t—0+

Thus, as rank(C1) = n1, we have Byv, = 0, which is equivalent to Pgv; = v1 by
Lemma 7(3). Similarly, as rank(B;) = n;, being aware of Remark 9 and taking
limits in (33) when ¢t — 0T, we conclude that Cjus = 0, which is equivalent to
Pous = ug by Lemma 7(2).

Now, being aware of Remark 9 and considering equations (31)—(38), changing
to by t in them and as Im(C4 ) = Ker(P¢), Im(B7) = Ker(Pg), by Lemma 7(2)(3),
when ¢ — 07 we infer that

PoLivi = ogus, (67)

lim ¢t~ 'Cy Byvi(t) = Livy — oous, (68)
t—0t

Lyvs — ogus € Im(Cy) = Ker(Pp), (69)

lim t~'B}Cius(t) = Liuy — agv, (70)
t—0+

Liuy — ogvy € Im(By) = Ker(Pp), (71)

PgLiuy = ogva, (72)

Ciuy = Cfug =0, (73)

Bivy = Byvs =0, (74)

Pcouy = uy, Poug = ug, (75)

Ppvi = v1, Ppva = va,. (76)

Let us see that

PoLy Py (Z;) =0 (Z;) , PpLiPc (Z;) =0 (Z;) : (77)

First note that, as Pgv; = v; and Pou; = u;,¢ = 1,2, the demonstration of (77)
is equivalent to the proof of

. P
retn () = (sing) > 7ot () = (%)
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v\ U1 PoLivy = oqguy,
Foln <v2) -0 (Pcu2> < Pc(Lyve — ogug) = 0,
these last equalities are true by (67) and (69), respectively. Secondly, note that

«fur Ppuv, Pg(Liuy — ogv1) =0,
PBLl (UQ) =90 ( (%] ) < PBLTUQ = U‘o’Ug),

true by (71) and (72), respectively.
On the other hand, being aware of Remark 9 and taking limits in (40) we
obtain

lim ¢~ tug(t)*CyB1v1 (t) = oo(ujur — vivy) = —og(ubus — vivs).

t—0+
Besides, by (68) and (70), we have C; Byvy(t) — 0 and t =1 B Cjua(t) — Liu; —
oov1. Thus, by Lemma 8, we deduce that

lim t71U2(t)*ClB1’U1(t) =0.
t—0+
Therefore
ujup — vyvy = ujus — vy = 0. (78)

Too, being aware of Remark 9 and taking limits in (41), we obtain
ujug = vyva.

Hence, if we consider the matrices V := [v1,v2], U := [uy, ug] € C™*2, from (78)
and the last equality, we find that U*U = V*V. Thus, as in Section 5, the
matrix

Dy :=D — ooUVT,

satisfy ||D - D()” =0y and D()V =DV — O'0U.

Remark that all the above properties are true also for (z,y) and X :=
(21, 2], Y = [y1,y2].

So, to prove Theorem 5 in this case, it suffices to prove that 0 is a multiple
eigenvalue of the matrix M (a, Dy), where Dy := D — ooUVt or Dy := D —
0o XY, respectively. The following lemma allows us to reduce the possible
cases.

Lemma 16. With the preceding notations, we have
(1) rank(U) = rank(V') = rank(X) = rank(Y) =1,
(2) if vy =0 then y2 =0,

(3)if vo =0 then y; = 0.

Proof.
(1) Let us suppose that rank(U) = rank(V) = 2, that is , both {uy,us}
and {v1,v9} are linearly independent. Hence, as ||uy|| = |Jv1|| and [Juz|| = ||v2]|

by (78), from (77) we see that

(G, 01) = L, 2 and (g, ¥2) = | 2, 2,
(e mon) (e o)

lor ]l fJoa [zl [loz |
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are pairs of singular vectors of PoLqiPp associated with the simple singular
value og. Therefore, (i, 4s) as well as (01, U3) would be linearly dependent. A
contradiction.

(2) Assume now that v; = 0, hence vs # 0. Then, as u,y are orthogonal, we
have v3y2 = 0. Let us suppose that y, # 0. Repeating the previous reasoning,
it follows that ya/||y2]| and va/||v2]|| right singular vectors of Po L Pg associated
with og. As o0g is simple, then both vectors are linearly dependent and nonzero.
The same happens for va, y2. Consequently it is not possible that viys = 0. In
a similar way is proved (3).

d

At this moment, by the preceding lemma, the possible cases to analyze are
two: (1) v1 = 0 or v = 0; (2) u1 = Qug, v1 = aug, 1 = B and y; = Bye,
with scalar nonzero «, .

81 v1=00rv;=0

First let us suppose that v; = 0 and let Dy := D — ooUVT. Note that u; = 0,
hence vo and uo are nonzero vectors. To prove Theorem 5 in this case, we will
search a pair of eigenvectors of M («, Dy) associated with the eigenvalue 0, one
on the left and other on the right, so that they are orthogonal.

We are going to prove that

O O B1 *CI(L{UQ — O'QUQ)
0O X B —Y"1Byuy =0.
Cl C2 Do Vo

Multiplying, as Bive = 0 and Dgvy = Dvy — ogug, just check us that
—C’lCI(leg — ogug) — CoX " Bywy 4+ Dvy — ogug = 0.
Or which is the same,
ClC’I(leg — ogug) = Livy — ogus,

because by (21), Ly = D — 03X 1By, That is, by Lemma 6(3), it suffices to
prove that Livy — ogug € Im Cy. Which is true by (69).

On the other hand, since Pgvs = vq, from (72) we conclude that Lius —
oogvz € Ker(Pp) = Im(BI). Hence, reasoning in a similar manner, it follows
that

O 0 B
(—(usLy — oov3)Bl, —usCox Y ug) [ O 2 By | =o.
C, Cy Dy

By the definition (21), Ly = I,, + C2X"2B,. Moreover viBl = 0, by (74).
Let us denote by ¢ the following scalar:

_CI(Ll'UQ — 00’&2)
¢ = (—(usLy — oovs)B], —u3Co2~ 1, u3) —X"1Byuy
V2
= w3LyBIC](Lyvy — oous) 4 ulLoBavs.
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So, to demonstrate Theorem 5 in this case is equivalent to prove that ¢ = 0.
From (68),

L1’U2 — OgUg = lim t_lclBl’Ul (t) = CI(Ll’Ug — O'QUQ) = lim t_lci(clBl’Ul(t).
t—0+ t—0+t

But, since C’IC’l = I,,, we have
CI(Ll’Ug - O’oUQ) = lim t_lBl’Ul(t).
t—0t
Thus
o= u§L131T lim ¢! Byv; (t)+ulLovs = lim u2(t)"‘LlB]L lim ¢! Byvy (t)+ubLovo;
t—0t t—0+ t—0t

That is,
¢ _ hm ’U,Q(t)*LlBTBl’Ul(t)
t—0+ t
because both limits exist. By (34) we find that

+ USLQ'UQ.

tul () Lo Pp+ul(t) Ly Pp = f(t)va(t)* = tu (t) Lo Pp+ul(t) Li—ui(t) LiBI By = f(t)va(t)*.

Therefore
uz(t)LlBIBl = tuj (t)LoPp + u5(t)L1 — f(t)va(t)*.
Consequently
6= lim tui (t) Lo Ppoy (t) + us(t) Lyvi (t) — f(t)va(t) v (t) + uiLovs,

t—0+ t
and, as Pgv; = 0 by (76),
6= lim uj(t) Lyvi(t) — f(t)va(t) va(t)
t—0+ t
By (31), PoLyvi(t) + tPcLava(t) = f(t)ui(t). Hence we know that Livi(t) =
F()ur(t) — tPeLava(t) + CLCI Ly (t). Since uiPe = u3, it follows that

b= lim 00RO W) +ust) CC Livi(8) = fHva®) v(t)

t—0+ t

+ U;Lgvg.

But, by (41), we have wus(t)*us(t) = va(t)*v2(t). Therefore

UQ(t)*Clcilel(t) — lim UQ(t>*ClBlBICIL1’Ul(t)

t—0+ t t—0+ t ’

because By B} = I,,,. Finally, we will apply Lemma 8. Taking x(t) := uy(t),
y(t) == BICIlel(t) and G = C} By, we obtain

)G t)*C1B
lim Gy(t) = tl—i>I(IJ1+ ClBlBICIlel(t) =0, lim x(t) — lim M

t—0+ t—0+ t t—0+ t

using (70) and that us(t),v1(t) — 0. Thus, by Lemma 8 we have ¢ = 0.

:O7

If vo = 0, since by Lema 16(3), y1 = 0, it suffices to repeat the preceding
reasoning for the pair (z,y), with the matrix Dy := D — oo X Y.
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8.2 wuy = aus, v1 = avy, x1 = P9, and y; = Lyo, with af # 0.

Since o, v9 are nonzero vectors, from the proof of Lemma 16 we conclude that
(uz/||uzll,v2/]|v2||) is a pair of singular vectors of Po L1 Pp associated with the
singular value og. The same occurs for (xa/||z2||, y2/|ly2l])-

Let (z,w) be a pair of singular vectors of Po L1 Pp associated with the simple
singular value og. Hence, as ||uz|| = |Jvz]] and |z2|| = |ly2|| by (78), we infer
that there exist two nonzero complex numbers d, 77 such that

_ (baz _ (baw _ (nBz _ (nBw
= (5) o= (50) == ()=
Since v,y are orthogonal, én(a3 + 1)w*w = 0. Consequently

ag+1=0. (79)
On the other hand, applying Lemma 11, for ¢ € (0;¢), one has

70 = e (e 083(000) = Re (0 w®) (205 0 ") (260):
Since uy (t)* Po Lo Ppus(t) = up (t)* Lava(t), we get
f'(t) = Re (t 2uz(t)*C1Brvi (t) 4 ui () Lava(t)) =t~ 2ua(t)*C1 Byvy (t)+ua (t)* Lava(t),

because (40). As C1 By = C1 By (C1B1)1C By and (C1B;)" = BICI, by Lemma 7-
4, we obtain

UQ(t)*ClBl BICI ClBlvl (t) .

t_QUQ(t)*ClB1’Ul(t) = P 7

Thus, from (70) and (68), we see that

lim = 2uy(t)*CBu () = (ui Ly — oov}) BICT (Lyvs — oous).

t—0t
Therefore, as v{BI =0 and C’Iug = 0, we infer that

lim f'(t) = u} (L1 BIC] Ly + La)va. (80)

t—0+

Similarly, for g(t) we obtain

lim ¢'(t) = 25 (L1 BICTLy + Ly)ys. (81)
t—0+
Now, since the functions f(t), g(t) are strictly nonincreasing and f’, ¢" are con-
tinuous functions, we see that f’(t),¢’'(t) are nonpositive. As there exist the
limits of f’(¢),¢'(t) when ¢ — 0T, given in (80) and (81), we deduce that

Wi (LyBICILy + Lo)vy <0 and 23 (L B{CJ Ly + Ly)y, < 0. (82)

Using the expressions obtained to the beginning of this subsection for u, v, z, v,
we get
WLy BICT Ly + Lo)vy = |6|2a2* (LiBICT Ly + Ly)w,

1
{(LiBICILy + La)ys = [?B2* (L1 B{C{ Ly + Lo)w.

T
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Thus, from (82) we obtain
az*(LyBiCILy + Ly)w < 0 and Bz*(L1BICI Ly + Lay)w < 0.

Denote in a short while x := z*(LlBIC}LLl +Ly)w € C. Hence, as af+1=0
by (79), from the preceding inequalities, we find that

—B7'x <0and Bx <0.

Consequently, since 8 # 0, these two inequalities are only possible if y = 0.
That is, we have proved that if (z,w) is a pair of singular vectors of PoL;Pp
associated with the singular value o, then z*(Lq BI CILl +Lo)w = 0. Therefore,
for the pair (u,v) one has

wy(LyBICILy + La)vy = 0. (83)

Next, defining the matrix Do := D — ooUV we are going to prove that 0 is
a multiple eigenvalue of M («, Dy). In a similar way to that of Subsection 8.1,
given that

O O B\ [—Cl(Lyvs —oouy)
@ X B _271B2v2 =0,
Cl CQ Do Vo
and
0 0 B
(—(usLy — ogui)Bl, —usCon L ul) [ 0 2 By | =0,
C1 Cy Dy

to prove that 0 is a multiple eigenvalue of M (a, Dy), it suffices to see that
¢ = (usLy — Uov’zk)BICI(leg — oousg) + uyLovy = 0.
That is, as UQBI =0 and CIug = 0, it suffices to see that
wi(LyBICTLy + La)vs =0,

which is true by (83). Thus the proof of Theorem 5, which began in Section 5,
has just finished.

9 Equality of the supremum to the limits at 0
and oo

9.1 When lim; ,., o}, (Sg(t)) is positive

Let us remark that in the part of the proof of Theorem 5 corresponding to the
case When the supremum is the limit at oo, Section 6, we have not used the
assumption

31;18 op (52 (t)) = tlggo o (Sg (t)) .

Actually, all we have used is the fact that
tli)rglo Ohp (SQ (t)) > 0.

Thus, from Proposition 1 and Lemma 14, is easy to prove the following result.

29



Proposition 17. Let L := PcLyPp. If h > rank(L) and

L Pc(.[m - LLT)LI O
00 := Oh—rank(L) 0 Li(I,, — L'L)Py
is positive, then
min |X — D|| = oo.
XGCWle

m(0,M (o, X))>2
Consequently,

Sup o, (52(t)) = Jlim oy (S2(1)) -

Then, following the same reasoning for each p > rank(L), by Proposition 1
and Lemma 14, we can prove the following proposition.

Proposition 18. (1) Let L := PcLoPg. Assume p > rank(PoLoPg). Then

. Pc(I,, — LLY) L, O
min - IX=Dl < 0p—rankr) ( 0 Li(Iy — LAL)Py )
m(0,M(a,X))>2
if this singular value is positive.
(2) For each positive integer q the limit
. . Po(I, — LLY) Ly @)
M onrq (S2(1)) = B0 0h—rank(z)+q ( 0 Li(Ln — L'L)Pg

is equal to og or to 0.

9.2 When lim, o+ o}, (Sg(t)) is positive, and rank(B;) < n; or
rank(C) < my

Let us remark that in the part of the proof of Theorem 5 corresponding to the
case When the supremum is the limit at 0T, Section 7, we have not used the
assumption

sup op, (Sg(t)) lim Op (Sg(t))

t>0 t—0+

Actually, all we have used is the fact that

im0, (a(t)) > 0.

Thus, from Proposition 1 and Lemma 13, we can prove the following result.

Proposition 19. Assume that rank(B;) < n; or rank(Cy) < ny. If h >
rank(C1By) and

oo PoLy(I,—(CyBy)TC1 By) 0]
o - h—rank(C1B1) 9] (Im_clBl (ClBl)T)LIPB
is positive, then
min |IX = D| = oo.
xecmxm

m(0,M(a,X))>2

Consequently,

sup oy, (S2(t)) = lim oy, (Sa(t)).
t>0 t—0+
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Then, following the same reasoning for each p > rank(L), by Proposition 1
and Lemma 13, we can prove the following proposition.

Proposition 20. Assume that rank(B;1) < ny or rank(C1) < n;.
(1) Suppose that p > rank(Cy1By). Then

min |X — D]
XeCcmxm
m(0,M(a,X))>2
- PoLi(1,~(C1B1)C1 By) )
> Op—rank(C1By) 19 (Im_clBl(OlBl)T)LlpB ’

if this singular value is positive.
(3) For each positive integer q it follows that the limit

i onq (52(6)

18 equal to oy or to 0.

9.3 When lim; o+ 05, (S2(t)) is positive, and rank(B;) = rank(C;) =
n

Let us assume rank(B;) = rank(C7) = ny. Following the reasonings in Section 8,
it is possible to prove

Sup op, (S2(t>) = lim Ohp (Sg(t))
t>0 t—0+

when this limit is > 0, under additional assumptions.
Thus the following question arises: If the limit

lim oy, (S2(t))

t—0+

is finite and positive, is always true that

sup oy, (Sa2(t)) = lim oy (S2(8))?
t>0 t—0t

The answer is negative, as it can be seen in the following counterexample. Con-
sider the matrix of C3*3

0 0[0 0

0[1 0
0 B 0 1]0 ¢
(C D)'_ (1)8(1) =520 = | —7 570 0
0 0[]0 1

Then, h = 2 and

2424tV2 + 4
\/t + +2t Prd g t€(0,1/v/2],

1/t if ¢€[1/v2,00).

02 (S2(t)) =
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a2(S2(t))

\ S

1/v2

We have
lim oy (Sg(t)) =1>0,

t—0+

but the supremum is attained at to =1/ V2 and its value is V2.
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