DERIVATIVES OF THE DIAMETER AND THE AREA OF A
CONNECTED COMPONENT OF THE PSEUDOSPECTRA.*
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Abstract. Let A € C"*™ and let A.(A) denote the pseudospectrum of A of level € > 0. Let
d(e) and a(e) be the diameter and the area of the connected component of A.(A) that contains the
eigenvalue A of A of index v. It is established the relation between the condition number of A of
order 1/v and the first and second right derivatives of § and a at e = 0.

Key words. Pseudospectra, Condition number, Eigenvalues, Derivatives.

AMS subject classifications. 15A18, 15A12, 15A60, 65F35.

1. Introduction. Let A € C"*". By A(A) we denote the spectrum of A. We
denote by || - || the spectral matrix norm. Let A be an eigenvalue of A of algebraic
multiplicity m. Let us recall that the spectral variation of A’ € C"*™ with respect
to the eigenvalue A of A, denoted by sv(4 x)(A’), is defined as the minimum of p > 0
such that the closed disk D()\, p) with center at A and radius p contains at least m
eigenvalues (counting multiplicities) of A’. Also, the (Hélder) condition number of
the eigenvalue A € A(A) of order w > 0 is defined by

T SV(Ay)\)(X>
condy(A,0) := Hm - max TS e

Note that the number cond,, (4, A) € [0, 0] is well defined for each w > 0; also, there
is at most one w > 0 such that 0 # cond, (A, \) # co. See [5, Definition 2.6.3, p.
33]. The index of an eigenvalue X\ of A is the algebraic multiplicity of A as a root of
the minimal polynomial of A; let us denote it by v = v(X). The limit that defines
condy/, (A, A) has sense just for w = 1/v.
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For each € > 0, the e-pseudospectrum of A is defined by

A(A) = U A(X).
X E CTLXTL
X —All<e

For any complex matrix M we denote by o1(M) > o9(M) > --- its singular values
arranged in decreasing order. It is well known that

A(A)={z€C:0,(zI — A) <e}.

For each & > 0, let K (¢) be the connected component of the e-pseudospectrum A (A)
that contains A. We denote by 9Ky (g) the boundary of Ky(g). From [5, Proposition
2.6.5] we deduce that

max |z — A

cond, (4, A) = lim 20X )

e—0+ evw

Let us remark that

= - A
A= o

is the maximum radius of X (&) with respect to A. So,

lim &j) = cond, (4, \).

e—0t &

For each € > 0, the diameter of X, (g) is defined by

d(e) = sup |z — 2l
21,22€K\ (€)

Next, we consider four examples.

First example. Let A € C™"*™ be a normal matrix. Then the e-pseudospectrum
of A is the union of the closed disks of radius € centered at the eigenvalues of A. So,
for sufficiently small € > 0, we have

Kr(e) = D(A, e).

Therefore, p(g) = €, and since the eigenvalues of a normal matrix are semisimple (i.e.
of index 1),

condy (A4, \) = lim fo1

e—=0t €
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The diameter of D(\,¢) is 26. So, §(¢) = 2 and 6'(07) = 2. If we denote by
a(e) the area of this circle, a(e) = me?; hence a/(¢) = 2me,a’’(¢) = 2m. Therefore,
a'(0+) = 0,a”(0%) = 2.
Second example. Let
A d
Ja(A,d) =
2( ) ) |: 0 \ :|

be like a Jordan block, with complex numbers A, d and d # 0. In [5, Theorem 5.4.1,
p. 74] was proved that for each € > 0,

AE(JZ(Aa d))

is a closed disk centered at A and with radius r3(¢) = max{r > 0| o2 (J2(r,|d|)) < e}.

As
d|? dJ*
o2 (Ja(r,|d])) = \/r2 + —|2| —\/r2d]? + —|4| ,

solving the equation in the unknown r

d* _ -

’]"2+ 7’2|d|2+T:€,

ldP?
2

we find that ro(e) = /2 4 |d|e. So, §(g) = 24/e2 + |d|e. Hence,

2e + |d|

NEERTIE

It is obvious that v(A) = 2. Let us remark that

(1.1) im 2E) o\ /1.

e—0+ l/2

which implies §'(07) = oo.

§'(e) =

Now, let us see that ¢ = condl/g(Jg()\,d),)\) = /|d|]. We need some previous
considerations. For a general matrix A € C"*" let A(A) = {A1,..., A\ }. Let

A=) (NP +N))
j=1

be the Jordan decomposition of A, where for each j € {1,...,r}, P; is the Riesz
projector onto the root subspace (or generalized eigenspace) Ry, (A) of A; and along
the sum of root subspaces associated with all eigenvalues of A different from A;; and
N; := (A—\,;I,,) P; is the nilpotent matrix corresponding to A;. By [5, Theorem 5.4.4
(viil), p. 78], if v; := v(};), then

(1.

i)
vi—1 Vi
2) condy (A, \;) = [|[NJ7 ||/
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In our present example A = J3(A,d) = Az + N, where

0 d
wls )

thus, ¢ = | N||*/? = \/]d|. From (1.1), we have

d(e)

—= = 2c.
e0+ €1/2

The area a(¢) is given by 7(¢2 + |d|e). So, a’(g) = m(2e + |d|); hence, a’(07) = 7|d| =

7T62.

Third example. This example is a small generalization of the second one. Let A
be any n-by-n complex matrix with a unique eigenvalue A. Moreover, let us assume
that v(A\) = 2. If N := A— A, then A(N) = {0}. So, N is a nilpotent matrix. Thus,
A = A, +N is the Jordan decomposition of A. Hence, by (1.1), ¢ := cond/3(4, ) =
|N|[*/? = /o1 (A, — A). In [2, Corollary 20] we have proved that for each ¢ > 0,

A(A) = D(\, Ve2 +eo1 (M, — A)).

So, 8(¢) = 2y/e2 + ea1(A, — A), a(e) = w(e? + €01 (A, — A)). Therefore,

2 I, — A
5(e) = n(A ) \which implies §'(0) = oo,
Ve2+eoi(M, — A)

and

d'(g) = m(2e + 01(A\,, — A)), which implies a’(0") = 7 o1 (AL,, — A) = 7c”.

Fourth example. Let A1, Ay be two different complex numbers. Let A € C2*2
whose eigenvalues are A\; and \s. Let us define

a(A) = \/IAIE — M]2 — [Aof2.

The number d(A) is the departure from normality of A with respect to the Frobenius

norm ||A||r := y/tr(A*A). In [5, Proposition 5.5.3, p. 80] was proved that for each
e >0,

(1.3) A (A) = D(A1,e) UD(Ag, ) UMy, 2, (d(A),€)

where

(L4) My, x,(dye) i={z € C: (|2 = M =€) (]2 — Ao — &%) <%d®}, d>0.
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Let us consider Figure 1.1 that shows the e-pseudospectrum for the values of ¢ =
1.00, 1.50,1.75 of the matrix

Ay = 1+2i 3 .
0 —1—3i

So, At = 142, A0 = =131, [|[A1][rp = /|1 + 22+ 32+ [ -1 -3i2=v5+9+10 =
V24, Thus, d(A;) =24 -5 —-10=+9 = 3.

Fic. 1.1. Pseudospectra of A1 for e = 1.00,1.50,1.75

We see that for sufficient small values of ¢ the e—pseudospectrum of A; has two
connected components. Let us fix our attention on £ = 1.50. The figure contains a
straight line that passes by A1 and As. This line intersects the boundary dA.(A;)
at the points z1, 29, 23, 24. If we consider the eigenvalue Ag, the diameter () of the
connected component K, (¢) is equal to the distance between z3 and z4. From (1.3)
and (1.4), we can deduce that

5(6):\/1+62+\ﬁ6—\/1+62—\ﬁs.

Instead of making a special reasoning for the matrix A;, we are going to find a general
expression for the diameter §(g) of Ky, (g) for any matrix A € C**? with eigenvalues
A1 and Ay, By (1.4), the boundary dA.(A) is formed by quasi-Cassini ovals with
foci the points A\; and As. In fact, the set Ac(A) is symmetric about the straight
line that joints A\; and Ay. This is a consequence of (1.3) and (1.4). Moreover,
d(e) = |24 — 23] = |22 — z1|. Later we will need the condition numbers of A\; and Ay of
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order 1. These number are equal. In fact, by [5, Proposition 5.5.8, p. 83], we have

(1.5) cond; (A, \g) = \/1 + (&) , E=1,2.

Thus, let € > 0 such that A.(A) has two connected components. Now, we compute
the intersection points z1, 29, 23, 24 of the line z(t) := (1 — t)A; + tAa,t € R with the
curve A (A). By (1.4), this curve is given by the equation

(1.6) (|z—)\1\2 —52)(\2—)\2|2 —52) —e%d(A)? = 0.

For determining the values of the parameter ¢ that correspond to the points 21, z2, 23
and z4 we substitute z(¢) into (1.6),

A= Aol = 2 A1 = o3+ (|A1 = Xof* — 262\ — o) #2
+2% A1 — X2t — 2| A\ — Ao|® + et —£2d(A)? = 0.

For simplicity, we write 6 := |A\; — Ao,
0t —20M° + (01 — 26°0%) 17 + 26°0%t — %67 + &' — £2d(A)* = 0.

With the command solve of MAPLE 13 we find the roots of this equation in ¢
obtaining

t % - %\/92 + 4e? — 4er/02 4 d(A)?
1 1

to 5 %\/92 + 4e? + 4e+/02 + d(A)?
1 1

t3 = 5 =+ %\/92 +4€2 — 48\/ 02 + d(A)Q
1

1
t4 = -4 %\/92 +4€2 +4€\/92 +d(A)2

2

where t; <0 <ty < % <tz <1<ty Hence, z3 = z(t3) and z4 = z(t4). So,

1
6(e) = |24 — 23] = %\/02 +4e? +4e/0% + d(A)? — 5\/(92 +4e2 — 4e\/0% + d(A)?

Hence,

S - EAVPEAAP e P dAY
VO A 4 ae ST AAR 602 4 4% — e\ /TP F d(A)?

v = A gy 1 (‘“;‘”)2
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By (1.5), we have ¢'(0) = 2 cond; (4, \2).

REMARK 1.1. We will see that the results in these examples are not casual. In
fact, the condition number of \ of order 1/v is related with the functions § and a.

2. Bounds by closed disks. From Theorems 2.6.6 and 5.4.4 of [5] we infer the
following theorem.

THEOREM 2.1. Let A be an eigenvalue of A € C"*™ of index v. For each n > 0
there exists an €, > 0 such that for every e € (0,¢&,],

(2.1) D(A, (1 =) ¢) € Kae) € DA, (1 +n)e) ' e)
¢ being the condition number of X of order 1/v.

From (2.1) we deduce that
D(0, (1 =n)e) " e) € Ka(e) = A < D(0, (1 +m)e) ")

Considering the homotecy

Z 51%’ z € C,
we see
Ka(e) — A
(2.2) D(0, (1 —n)'""e) C % C D(0,(1+n)""c).

3. Bounds by diameters. Since the diameter function is monotone increasing
with respect to C, by (2.2),

2(e) < 2¢(1+n)Y/".

1/v
(3.1) 2¢(1 — )" < a7 <

Thus, we arrive to the following theorem.

THEOREM 3.1. Let v be the index of A, and let ¢ be the condition number of A
of order 1/v. Then

(3.2) lim 2E) o

emo+ el/v
Proof. Let us define the functions

(3.3) Am)=1-@1-n"",
34 fo(n) = (14" =1,
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where 17 € [0,1]. If v = 1, then

i) =1-1+n=n,
fa(n) =1+n—1=n;

so, f1(n) = fa(n) on [0,1].

If v > 2, we will deduce that fo(n) < f1(n). This last inequality is equivalent to

(1+77)1/V*1§1*(1*77)1/V7 ne [071]7

T+ + 1= <2, nelo1].
Let us define

g(m) = (L) + (1 =), nelo1].
Then

g%ﬂ=%ﬁl+m”“l—ﬂ—nf””]

Since 2% := e¥Inz

1/v—1

, when a < 0 the function z — z is decreasing in (0, 0o0); therefore,

T is decreasing in (0,00). Hence, if 0 < 7 < 1, we see that 1 —n < 1+ n;

what implies
(1 _ n)l/u—l > (1 + 77)1/”_1~

Thus, ¢'(n) < 0. So, g is decreasing on [0,1]. Therefore, g(n) < g(0) = 2. That is,
f2(n) < fi(n).

Given that

2¢ — 2¢f1(n)=2¢(1 — 77)1/”,
2¢ + 2cfa(n)= 2¢(1 + 77)1/V,

by (3.1), we have

(o)

(e

el/v —

~—

2¢ —2cf1(n) <

For every v > 1, fa(n) < fi(n) for n € [0,1]. Then,

o(e) < 2¢+ 2¢f1(n),

2¢ —2cf1(n) < S S
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or

But lim, o+ fi(n) = 0 and fi(n) > 0 for n > 0. Thus, fixed an 7y > 0, then there
exists an 1, > 0 such that 2cfy(n1) < no. For this , there is an ¢, > 0 such that
for e € (0,&y,],

o(e
55/3 —20‘ < 2c¢f1(n) < no.

So, there exists the limit

o(e)

c0+ el/v

and it is equal to 2¢. O

4. Derivatives of the diameter. In this section we relate the right derivative
of the diameter ¢ at 0 with the condition number of the eigenvalue A\, when v = 1.
First, we have the following lemma.

LEMMA 4.1. Let A € C™" ™ and X be an eigenvalue of A of index v. Let 6(¢)
be the diameter of the connected component of A.(A) that contains X. Let ¢ be the
condition number of X of order 1/v. Then, there exists the limit

lim 0(e)

0+ gl/v

and it is equal to

2¢ if v=1,
co if v>2

Proof. If v = 1, Theorem 3.1 implies

)
lim Q = 2c.
e—0t €
If v > 2, from the same Theorem,
o(e) () 1
e  eljvgl-1/v — 2¢- 00,

when ¢ — 01. O

From this lemma the next theorem follows immediately.
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THEOREM 4.2. Let A € C"*™ and X be an eigenvalue of A of index v. Let 6(¢)
be the diameter of the connected component of A.(A) that contains X. Let ¢ be the
condition number of A of order 1/v. Then, there exists the right derivative of ¢ at 0,
8 (0%), and

2¢c if v=1
1in+\ )
6(0)_{00 if v>2.

5. Bounds by areas. Since the area function is monotone increasing with res-
pect to C, by (2.2),

(5.1) (1) < 4%

where a(e) := area or Lebesgue measure of X (g). Thus, we arrive to the following
theorem.

THEOREM 5.1. Let v be the index of A, and let ¢ be the condition number of A
of order 1/v. Then

. a(e) 2
el—l>0+ 2/ e

(5.2)

Proof. Let us define the functions

(5.3) e1(n) ==1—(1—n)*",
@a(n) = (L+n)*" — 1.

If v =1, then

e1(n)=1—(1-n)?=2n-—1n
ea(n) = (1+n)?—1=2n+n%

it is obvious that ¢1(n) < w2(n) when 0 < 7.
If v =2, then
pr(n) =1—(1—-n)=n=>0+n —1=p(n)
If v > 3, we will see that
e2(n) < ¢1(n), nel0,1],
or, equivalently,

(1+77)2/V*1§1*(1*77)2/V7 ne [071]7
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LT+ + Q- <2, nelo1]
Let us define
d(n) == (1+m)*" + (1 -n)?", nelo1].

Then
W =2 [ = ]

As the function z + 2%/¥~! is decreasing in (0,00),if 0 <p < 1,then 1 —n < 1+7
implies (1 —7)2/*=1 > (1+7)?/*~! and ¢'(n) < 0. In consequence, ¢ is decreasing in
[0,1]. Thus, for n € (0,1],%(n) < ¥(0) = 2. Accordingly,

wa(n) < 1(n), nelo,1].
By (5.3) and (5.4),

(1=n)*" =1-p1(n),
(L+n)2" =1+ ¢a(n).

Inequalities (5.1) imply

a(e)

52/U

(5.5) r? — 11 (n) < < 7w + e pa(n).

The v < 2 case. Since ¢1(n) < p2(n) in [0, 1],

7 pa(n) < =P p1(n).

Hence, by (5.5),

(5.6) mc? — mctpa(n) < CLQ(f) < e 4+ mctpa(n);
£ v
which is equivalent to
a(e
62(/2 — | < mPpa(n).
But
lim a(n) =0,  @a(n) >0,y > 0;
n—0t
S0,

lim mc?pq(n) = 0.

n—0t
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Let us fix an 79 > 0, then there exists an 7; > 0 such that mc?@a(1m1) < no. For this
71 there is an €, > 0 such that for ¢ € (0,¢,,],

ale)

2
— TC
e2/v

< wpa(m) < no-

This proves that there exists the limit

. a(e)
51—>1ng+ g2/v

and it is equal to wc2.

The v > 3 case. As v2(n) < ¢1(n) in [0, 1], from (5.5) we deduce that

Tc? — 71'02(,01(77) <

and, as p1(n) > 0if n > 0 and

lim ¢q(n) =0,

n—0+

by a reasoning analogous to the former one we infer that there exists the limit

lim ale) =0
0+ g2/v

6. Derivatives of the area. In this Section we establish the relation between

the first and second right derivatives of a at 0 and the condition number of the
eigenvalue X of order 1/v, when v = 1 or 2. First, we prove the following lemma.

LEMMA 6.1. Let A € C™ ™ and X be an eigenvalue of A of index v. Let a(e) be
the area of the connected component of A-(A) that contains A. Let ¢ be the condition
number of A of order 1/v. Then, there exists the limit

a(e)

lim —=
e—=0t €

and it is equal to

lim T:ﬂ'c.
e—0t €
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Hence,

e—=0t €

Finally, when v > 3, there exist m, M, &g > 0 such that

a(e)

S <M

m <

on (0,e0); and as the function

1
e(v=2)/v

diverges to oo when € — 0T, the product

a(e) 1
2/v c(w=2)/v

diverges to oo when &€ — 07. But

Therefore,

lim —= =o00.0
e—0t &

THEOREM 6.2. Let A € C"*"™ and A be an eigenvalue of A of index v. Let a(e)
be the area of the connected component A (A) that contains A\. Then, there exists the
right derivative of a at 0, a’(07), and

ad(0M) =23 nc? if v=2,

Proof. By Lemma 6.1 we deduce that

ifv=1,

e—0*t € e—0t €
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if v =2,
d(0%) = lim a(e) — a(0) ——_
e—0+ € '
if v >3,
a'(0%) = lim a(e) —a0) =o00.0
e—0t €

THEOREM 6.3. Let A € C"™™ and A be a semisimple eigenvalue. Let a(e) be

the area of the connected component Ac(A) that contains X. Let us assume that there
exists a”’ (0T). Then

a”(0%) = 2mc?.

Proof. Let us define the function

| ale) ife >0,
Ale) = { a(—e) ife <.

By 6.2, as v = 1, there exists A’(0) and A’(0) = 0. If we suppose that there exists the
derivative A”(0), then

47(0) — 1oy AC) = 2400) + A(e),

e—0 g2
But, the existence of this limit does not imply the existence of A”(0). See [1, Exercise
5-20.].
When € > 0, A(e) = a(e), A(—¢) = a(—(—¢)) = a(e); therefore, A(e) + A(—¢) =
2a(e).
When € < 0, A(e) = a(—¢), A(—¢) = a(—¢); hence, A(e) + A(—¢) = 2a(—¢).
Then, by Theorem 5.1,
A(e) —2A(0) + A(—¢)

lim 3 = lim 5
e—0t £ e—0t €

lim A(e) —2A(0) + A(—¢) — lim 2a(—¢) lim 2a(B)

= 1
0 g2 e—0- (—g)? g—o+ (32

Consequently, there exists the limit
lim A(e) — 2A(0) + A(—¢)
e—0 52

and is equal to 2mc?. So, A”(0) = 2mc?, and a”(0) = 27c?. O
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7. Conjecture. Let A be a semisimple eigenvalue of a matrix A € C"*". We
need the definition of a semialgebraic set S C R™ and of a semialgebraic function
f S — R. These concepts can be seen in [5, Chapter 3, p. 39]. A classical reference
is [3, Chapter 2, p. 23].

CONJECTURE 7.1. The functions d,a: [0,00) — R are semialgebraic.
The following theorem is proved in [4, Lemma 3.1 (ii)]

THEOREM 7.2 (de 'Hopital inverse rule). If f,¢:[0,00) — R are semialgebraic
functions, f(0) = g(0) =0, and there is an g9 > 0 such that ¢'(g) > 0 for e € (0,&9),
then

!
im 78 _per —  fm 2O
e—0+ g(e) -0+ g('e)
If Conjecture 7.1 were true, then
! "
7 = lim @: lim a'(e) = lim ¢ (6)
e—0+ &2 em0t 2e em0t 2

Thus, the derivative a”(07) would exist and it would be equal to 27c?. because
a’(0%) = lim._,o+ a”(e).

As the area of a region can be expressed by means of a line integral, and taking into
account that a parametric integral is derivable with respect to the parameter when
the integrand is, the derivatives a’(¢) and a”(g) exist for sufficiently small ¢ > 0.
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