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The set �M > Cn�n
� #Λ�M� � n� is open and dense, 1972�
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Continuity Rank’s paradigm B�t�B��t� � B��t�B�t� Singular values Jordan perturbation AX � XB � C Smooth Nearest. Pseudospectra

Q
µ>Λ�A��9B�α,ε�

m�µ,A�� � m�α,A�, ¦α > Λ�A�.
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Bifurcation points of the rank of A�t�

A� �α,β�� Cm�n, continuous.

Bifurcation point of ρ�t� �� rank A�t�
� discontinuity point of ρ.

B, closed, B̊ � g.

�α,β� �B �

ª

#
k�1

�αk , βk�, ρ�t� constant on �αk , βk�.
B B can be uncountable: Cantor set.

ª

#
k�1

�αk , βk� � �α,β�.

Segre bifurcation
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2�2 matrix functions which commute with their derivative, 1975�

B�t� � �a�t� b�t�
c�t� d�t�� , B

��t�B�t� � B�t�B��t�. Ô�

Ω �� �t � b�t� x 0 - c�t� x 0 - a�t� x d�t�� open,

Ω �

ª

#
k�1

�αk , βk�, C �� �α,β� �Ω closed in �α,β�.

B�t� � � a�t� λk fk�t�
µk fk�t� a�t� � νk fk�t�� �

¢̈̈̈̈
¨̈̈̈̈̈
¦̈̈̈
¨̈̈̈̈̈
¤̈

�
�
λ1�t� 0

0 λ2�t�
�
� , if ν2

k � 4λkµk x 0,

�
�
λ1�t� 1

0 λ1�t�
�
� , if ν2

k � 4λkµk � 0,

B�t� � �a�t� 0

0 a�t�� , t > C;

constant Segre characteristic: ��1�, �1�� or ��2�� on �αk , βk�, and ��1,1�� on C.

Rodrı́guez-Cano
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Smooth jordanization of matrix functions

with constant Segre characteristic, 1975�

Bogdanov and Chebotarev (1959)

A� �α,β�� Cn�n, A > C
p
.Ô� § functions λj � �α,β�� C �j � 1, . . . ,q�,

P � �α,β�� Cn�n of class C
p

s.t. ¦t > �α,β�,
Λ�A�t�� � �λ1�t�, . . . , λq�t��, P�t��1

A�t�P�t� � J�t�, Jordan form.
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Singular values, 1981�

Figure: University of Coimbra, Portugal


 Distance to the set of matrices with lower rank

rank M � r 
� σ1�M� C � C σr�M� A 0 � σr�1�M� � � � σp�M�.
If 0 B k @ r

min
X>Cm�n

rank XBk

YX �MY � σk�1�M�.

Sodupe, G.
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Segre and Weyr partitions of an eigenvalue α, 1983�

P
�1

AP �

���������������

�

α 1 0 0

0 α 1 0

0 0 α 1

0 0 0 α

α 1

0 α

α 1

0 α

�

���������������

4 Y Y Y Y

2 Y Y

2 Y Y

3 3 1 1

s�α,A� � �4,2,2�
w�α,A� � �3,3,1,1� �� �4,2,2� conjugate partition

�5,5,3,2� 8 �4,3,2,1,1� �� �5,5,4,3,3,2,2,1,1�
Majorization: µ1 C µ2 C � C µp C 0, ν1 C ν2 C � C νp C 0,

µ h ν

if µ1 �� � µk B ν1 �� � νk , Pp

i�1
µi � P

p

i�1
νi .
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Perturbation of the Jordan form, 1983�


 Necessary conditions: Markus and Parilis, . . . A > Cn�n, ε A 0 adequate to

A. Then §r A 0 s.t. ¦A�
> B�A, r� ` Cn�n:

(i)
Λ�A�� ` �

α>Λ�A�

B�α, ε�,

(ii)
�

µ>Λ�A��9B�α,ε�

w�µ,A�� h w�α,A�, ¦α > Λ�A�.

Juan-Miguel Gracia Barcelona, July 15, 2014 My road to spectral perturbation of matrices 9/18



Simple spectra rank A�t� B�t�B��t� � B��t�B�t� Singular values Jordan perturbation AX � XB � C Smooth Nearest. Pseudospectra

Perturbation of the Jordan form, 1983�


 Sufficient conditions: Markus and Parilis, . . . A > Cn�n, ε A 0 adequate to

A. ¦α > Λ�A� let tα > N� and let bα1, . . . ,bαtα be non-null partitions. Then

¦δ A 0,§A� s.t. YA�
� AY @ δ and

(i)
Λ�A�� ` �

α>Λ�A�

B�α, ε�,
(ii) ¦α > Λ�A� the matrix A� has precisely tα eigenvalues µα1, . . . , µαtα in

B�α, ε� and

bαj � w�µαj ,A
�� �j � 1, . . . , tα�,

if and only if
tα

�
j�1

bαjh w�α,A�, ¦α > Λ�A�.

Perturbation of the canonical form of Brunovsky de Hoyos, Zaballa, G.,

Baragaña, Beitia. Perturbation of the canonical form of Kronecker Pokrzywa

(1986),. . . de Hoyos, G. Stability of invariant subspaces Velasco, G.
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Sylvester equation AX � XB � C, 1975�

ν�A,B� �� dim�X > Cm�n
�AX � XB � O�. If Λ�A� 9 Λ�B� � �λ1, . . . , λs�,

ν�A,B� � s

Q
i�1

w�λi ,A� �w�λi ,B�.

A � B 
� ν�A,A� � ν�A,B� � ν�B,B� 
�

rank�Aa In � In a A� � rank�Aa In � Im a B� � rank�B a Im � Im a B�.

Feedback equivalence of matrix pairs �A,B� > Cn�n
�Cn�m.

Strict equivalence of rectangular matrix pencils λF �G.

Beitia, G.

Ortiz de Elguea
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Bifurcation points of the spectrum of A�t�
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α t1
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Bifurcation points of the spectrum of A�t�
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Bifurcation points of the spectrum of A�t�
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Bifurcation points of the Segre characteristic s�A�t��
A � �α,β�� Cn�n continuous, r �� maxt>�α,β� #Λ�A�t�� Ô�

§λ1, . . . , λr � �α,β�� C continuous s.t. ¦t > �α,β�,
Λ�A�t�� � �λ1�t�, . . . , λr�t��.

Bifurcation points of the spectrum of A.

p�λ, t� � det�λIn � A�t��, N�t� �� #Λ�A�t��,
N�t� � rank R�p�λ, t�,p�λ�λ, t�� � n � 1.

Bifurcation points of a Segre partition of A. rank bifurcation

s�λi�t�,A�t�� � w�λi�t�,A�t�� � �mi1�t�,mi2�t�, . . . ,mi`�t�, . . . �
mi1�t� �mi2�t� �� �mi`�t� � dim Ker �λi�t�In � A�t��`

ª

#
k�1

�αk , βk�� �α,β�.
B The αk and the βk are bifurcation points of s�A�t��. There can be more.

A�t� �� �te2it f �t�
0 te2it� , f �t� �� �e�1~t , t A 0,

0, t B 0;
s�te2it ,A�t�� �

¢̈̈
¦̈̈¤
�2�, t A 0,

�1,1�, t B 0.
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Smooth jordanization of matrix functions A � �α,β�� Cn�n

A > C
p
, r �� maxt>�α,β� #Λ�A�t��. Isolated bifurcation points.

§P � �α,β�� Cn�n, P > C
p

s.t.

P�t��1
A�t�P�t� � J�t�

ØÚÚÙ
1. the union of Segre partitions

�
z>Λ�A�t��

s�z,A�t��
is constant on �α,β�;

2. §λ1, . . . , λr � �a,b�� C of class C
p

s.t.:
2.1 ¦t > �α,β�, Λ�A�t�� � �λ1�t�, . . . , λr �t��;
2.2 for each bifurcation point t0 of s�A�t��, let

�i1, . . . , iu�,�j1, . . . , jv� ` �1, . . . , r�

associated to t0; then the sums

u

�
k�1

lim
t�t�

0

Ker�λik
�t�In � A�t��n and

v

�
k�1

lim
t�t�

0

Ker�λjk
�t�In � A�t��n

are direct and � Cn.
Thijsee (1985), Evard, Velasco, G.
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Wilkinson’s problem, 1992�

• A > Cn�n, z0 > C, simple spectra

min
X>Cn�n

m�z0,X�C2

YX � AY � max
t>R

σ2n�1 �z0In � A tIn
O z0In � A

� �� h2�z0�.

Λ2�X� �� �ξ > Λ�X��m�ξ,X� C 2�
min

Λ2�X�xg
YX � AY � min

z>C
h2�z�.

Malyshev (1999)

• Let z0 > C. Then

min
X>Cn�n

m�z0,X�C3

YX�AY � max
�t1,t2,t3,t4�>R4

σ3n�2

���
z0In � A t1In �t3 � t4i�In

O z0In � A t2In
O O z0In � A

��� �� h3�z0�.

Ikramov and Nazari

Armentia, González de Durana, de Hoyos, G., Velasco.
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Pseudospectra, 1994�
δ C 0

Λδ�A� � Λδ,1�A� �� �
YX�AYBδ

Λ�X�,
Λδ,2�A� �� �

YX�AYBδ

Λ2�X�,
Λδ,3�A� �� �

YX�AYBδ

Λ3�X�.

Λδ�A� � �z > C � h1�z� �� σn�zIn � A� B δ�,
Λδ,2�A� � �z > C � h2�z� B δ�,

Λδ,3�A� � �z > C � h3�z� B δ�.

−2.5 −2 −1.5 −1 −0.5

−0.4

−0.2
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0.4

0.6

Armentia, Velasco, G.
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Wilkinson’s problem and pseudospectra, 1999�

A � � �1 5 6
0 �2 0
0 0 �1.8�0.2i

� , δ1 @ δ2 @ δ3 @ δ4.
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Wilkinson’s problem and pseudospectra, 1999�
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0 0 �1.8�0.2i

� , δ1 @ δ2 @ δ3 @ δ4.
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Wilkinson’s problem and pseudospectra, 1999�

A � � �1 5 6
0 �2 0
0 0 �1.8�0.2i

� , δ1 @ δ2 @ δ3 @ δ4.
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Wilkinson’s problem and pseudospectra, 1999�
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Conclusion

spectral perturbation = rank + Weyr

Thanks for your attendance!

Juan-Miguel Gracia Barcelona, July 15, 2014 My road to spectral perturbation of matrices 18/18


	The set {MCn n # (M)=n} is open and dense, 1972
	Bifurcation points of the rank of a matrix function
	Matrix functions which commute with their derivative, 1975
	Singular values, 1981
	Perturbation of Jordan form, 1983
	Sylvester equation AX-XB=C, 1975
	Smooth jordanization of matrix functions, 1986
	Nearest matrices. Pseudospectra, 1992–1994



