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The set {M € C™": #A(M) =n} is open and dense, 1972
Bifurcation points of the rank of a matrix function

Matrix functions which commute with their derivative, 1975—
Singular values, 1981

Perturbation of Jordan form, 1983—

Sylvester equation AX — XB =C, 1975—~

Smooth jordanization of matrix functions, 1986—

Nearest matrices. Pseudospectra, 1992-1994—
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The set {M e C™": #A(M) =n} is open and dense, 1972—

> m(u, A) =m(a, A), VYaeA(A).

neN(AYNB(a,e)
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Bifurcation points of the rank of A(t)

Nearest. Pseudospectra
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A:(a, B) > C™", continuous.

Bifurcation point of p(t) := rank A(t) <= discontinuity point of p.

B, closed, 8 =@.

(o, B)N B G (o, Br), p(t) constant on (a, Sk ).

/\ 8 can be uncountable: Cantor set.

Q(ak,ﬁk)=[a,m.

3
2,
° polf <
-10 -5 0 5 10
t

» Segre bifurcation
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2x2 matrix functions which commute with their derivative, 1975—

c(t) d(t)
Q:={t:b(t)#0vc(t)+0va(t) #d(t)} open,

B(t):(a(t) b(t)), B'(1)B(t) = B()B/(1). ——

8

Q=J(ax,B), C:=(a,B)Qclosedin (a,p).

k=1
Ai(t) 0 .
( 0 AZ(t)), if 2 + 4\ = O,
B(t):( a(t) Acic (1) )~
/kak(t) a(t)+kak(t) A (t) 1
(10 Al(t))7 ifz/f+4)\kuk=0,

B(t) = (ag) a?t)) teC;

constant Segre characteristic: [(1), (1)] or [(2)] on (ax, Sk), and [(1,1)] on C.
Rodriguez-Cano

Juan-Miguel Gracia Barcelona, July 15, 2014 My road to spectral perturbation of matrices 5/18



[e] [e]e]e} [e] [e]e]e} 0000

Smooth jordanization of matrix functions
with constant Segre characteristic, 1975—

Bogdanov and Chebotarev (1959)

A:(a,B) > C™" AeCP.= 3 functions \j:(a,8) >~ C (j=1,...,q),
P:(a, ) — C™" of class C” s.t. Vt € (a, B),

AA)) = {Aa(t), ..., Aq(D)},  P(t) *A(t)P(t) = I(t), Jordan form.
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Singular values, 1981—

Figure: University of Coimbra, Portugal

2 Distance to the set of matrices with lower rank
rankM =1 <= o1(M) 22 0¢(M) >0 = 0132 (M) =+ = 5p(M).
IfoO<k<r
min X M| = o141 (M).
XeC

rank X <k

Sodupe, G.
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Segre and Weyr partitions of an eigenvalue «, 1983—

a 1 0 0
0 [eY 1 0
0 0 « 1
0 0 0 « 4 e o o e
1 2 . .
P AP = « 1 2 e o
0 « 3 3 1 1
o 1
0 «

s(a,A) = (4,2,2)
w(a,A) =(3,3,1,1) = (4,2,2) conjugate partition

(5,5,3,2) U (4,3,2,1,1) == (5,5,4,3,3,2,2,1,1)

Majorization: p1 > p2 >+ > pp > 0, M 2vp 221 20,
w<v
if g+ e+ g SV H e+ U, Zipzlp,i =Zip:1Vi.
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Perturbation of the Jordan form, 1983—

2 Necessary conditions: Markus and Parilis, ... Ae C™", ¢ > 0 adequate to
A.Then 3r >0s.t. VA" e B(A,r) cC™":
(i) @
ANA) e U B(ae),

ael(A)

(ii)
w(i, A" <w(a,A), YaeA(A).
peN(A)NB(a,e)
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Perturbation of the Jordan form, 1983—

a Sufficient conditions: Markus and Parilis, ... A e C™", ¢ > 0 adequate to
A . VaeA(A)lett, e N and let b1, .
v§>0,3A st |A" - Al <5 and

(i)

.., bat, be non-null partitions. Then

AA) e | B(ae),

ael(A)
(i) Yo e A(A) the matrix A" has precisely t, eigenvalues a1, - - -, flat, N
B(a,e) and
bdj:W(iu&j’A’) (j:]-?"':ta):
if and only if

to
(Jbaj<wW(a,A), VaeA(A).
=1

Perturbation of the canonical form of Brunovsky de Hoyos, Zaballa, G.,
Baragafia, Beitia. Perturbation of the canonical form of Kronecker Pokrzywa
(1986),...de Hoyos, G. Stability of invariant subspaces Velasco, G.
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Sylvester equation AX - XB =C, 1975—~

V(A,B) = dim{X e C™™AX - XB = O}. If A(A) nA(B) = {A1, ..., \s},

v(A,B) = ZS:W()“,A) -w(Xi,B).

AxB «<— v(A/A)=v(AB)=v(B,B) <
rank(A® Iy - lh® A) =rank(A® Iy - In ®B) =rank(B ® Im — Im ® B).

Feedback equivalence of matrix pairs (A,B) e C™" x C™™.
Strict equivalence of rectangular matrix pencils A\F — G.
Beitia, G.

Ortiz de Elguea
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Bifurcation points of the spectrum of A(t)
AAW) = D 0), Xa(8), Xa(6), Ma(), 25(0)}
Ait (o, 8)—C
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Bifurcation points of the spectrum of A(t)
AAW) = D 0), Xa(8), Xa(6), Ma(), 25(0)}
Ait (o, 8)—C
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Bifurcation points of the spectrum of A(t)
AAW) = D 0), Xa(8), Xa(6), Ma(), 25(0)}
Ait (o, 8)—C
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Bifurcation points of the Segre characteristic s(A(t))
A:(a,B) » C™" continuous, I := MaXe(a,5) #A(A(t)) =
IA, ..., Ar s (@, B) = C continuous s.t. Vt € (o, ),
AA)) = {Au(t), .., A (t) )
Bifurcation points of the spectrum of A.
p(At) =det(Aln —A(t)), N(t) := #A(A(1)),
N(t) =rank R(p(A,t),pA (A 1)) —n+1.
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Bifurcation points of the Segre characteristic s(A(t))
A:(a,B) » C™" continuous, I := MaXe(a,5) #A(A(t)) =
IA, ..., Ar s (@, B) = C continuous s.t. Vt € (o, ),

A(A(L)) = {a(t),..., A ()}
Bifurcation points of the spectrum of A.
p(At) =det(Aln —A(t)), N(t) = #A(A(t)),

N(t) =rank R(p(A,t),pA (A 1)) —n+1.
Bifurcation points of a Segre partition of A.

SO (D), AD) = WA (1), A(t)) = (Mia(t), Mia(t), ..., mie(t), ...
Mia (t) + Mg (t) + -+ mi(t) = dimKer (A (1)1 - A())"

U(akvﬂk): [O[ﬁ]
k=1
/\ The oy and the g are bifurcation points of s(A(t)). There can be more.

tedt  f(t PRI ; 2), t>0,
At) = (eo tézg)v f(t) = {o, il S(teAM) ={El)l) t<0
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Smooth jordanization of matrix functions A: (a, 8) - C™"
A€ CP, 1= maXxe(a,p) #M(A(t)). Isolated bifurcation points.
IP:(a,8) > C™", P eCPsit.

P(t) AP (1) = (1)

ﬂ

U s(z,A(t)

zeA(A(L))

1. the union of Segre partitions

is constant on («, 3);
2. 3)1,..., At (a,b) - C of class CP s.t.:
2.1 vte(a,8), MA)) = {Aa(t), ..., A(t)};
2.2 for each bifurcation point ty of sS(A(t)), let
{ily---ziu}r{jlz'--ajv}C{17~~~7r}

associated to tg; then the sums

—L|J— lim Ker(Aj (t)lh —A(t))" and —\|/— lim Ker(Aj (t)In = A(t))"
k=1t=ty k=1t=1g

to

H — n
are direct and = C". Thijsee (1985), Evard, Velasco, G.
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Wilkinson’s problem, 1992—
*AeC™ 20 ¢C,

: ~ Zolh—A
min - [IX All-”l%”mfl( 0 zgly—A) = N2(20).
m(zp,X)>2

A2(X) :={€e A(X):m(&,X) > 2}

min |X - A||-m|nh2( ).
N (X)#2

Malyshev (1999)
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Wilkinson’s problem, 1992—
*AeC™ 20 ¢C,

: ~ Zolh—A
min_[IX A"-f&%”ml( 0 zgly—A) = N2(20).
m(zp,X)>2

A2(X) :={€e A(X):m(&,X) > 2}

min |X - A||-m|nh2( ).

Ny (X)#
Malyshev (1999)
* LetzpeC. Then
Zolh—A il (t3+ i)l
min [X-A|= max om.| O Zoln —A t2ln =t h3(2o).
m>((z€0C,X)23 (t1,t2,13,4 )R (@) (@] Zolh — A

Ikramov and Nazari

Armentia, Gonzalez de Durana, de Hoyos, G., Velasco.
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Pseudospectra, 1994
6>0

As(A) =Nsa(A) == | A(X),
IX-Al<s

/\512(A) = |‘X7L'AJ‘| 6/\2()(),

/\513(A) = | LJ” /\3(X)
X-A|<é

As(A) ={z e C: hy(2) := on(zln - A) <5},
/\(5,2(A) = {Z eC: hz(Z) < 5},
As3(A) ={z eC: hz(z) < §}.

Armentia, Velasco, G.
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Wilkinson’s problem and pseudospectra, 1999—
-15 6
A=( ), (51<52<53<(54.

0 -2 0
0 0 -1.8+0.2i
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Wilkinson’s problem and pseudospectra, 1999—
-15 6
A=( ), (51<52<53<(54.

0 -2 0
0 0 -1.8+0.2i

Z1
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Wilkinson’s problem and pseudospectra, 1999—
A=(715 5 ), (51<52<53<(54.

0 -2 0
0 0 -1.8+0.2i

Az i= A+ on(Zaln —A)unvy, Xo(t) = (1-t)A+tAy, 0<t <12

1 1 1 1 1 1
-2 -1.8 -16 -1.4 -1.2 -1
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Wilkinson’s problem and pseudospectra, 1999—
A=(715 5 ), (51<52<53<(54.

0 -2 0
0 0 -1.8+0.2i

As ;=A+02n,1(23'g;“ foln )[ul,uz][vl,vz]*, Xa(t) == (1-t)A+tAsz, 0<t<1.2

23ln—A

1 1 1 1 1 1
-2 -1.8 -16 -1.4 -1.2 -1
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Conclusion

spectral perturbation = rank + Weyr

Thanks for your attendance!
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