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Section 1: Introduction 3
1. Introduction

Notations

In this paper we use the following notation. By C we denote the field of
complex numbers, and C™*" the set of m X n matrices with entries in C.
We always will use the spectral norm over CP*4

| M| = max |Mzx|2, M e CP*9.
zeC
H:ng =1

The singular values of a matrix M are denoted by o1(M) > o0o(M) >

- > op(M), where k = min(p,q). It is well known that ||M]| = o1(M).
The Moore-Penrose inverse of M is denoted by M and M* denotes the
conjugate transpose of M. And, when p = ¢, we denote by A(M) the
spectrum or set of distinct eigenvalues of M.

Let A € C™*™; the geometric multiplicity of an eigenvalue Ag of A is the
number of Jordan blocks associated to \g into the Jordan canonical form
of A; we denote this number by gm(Ag, A). So gm(Ag, A) is the maximum
number of linearly independent eigenvectors of A associated to Ag; this

Ind <4< » > | | Back <« Doc Doc »



Section 1: Introduction 4

implies that
gm(Ag, A) = dim Ker(Aol, — A).

Let k, 2 < k < n, be an integer. A complex number g is called a
k-derogatory eigenvalue of a matrix A € C™*™ if gm(\g, A) > k. We will
say that a matrix A € C™*" is k-derogatory if A has a k-derogatory eigen-
value. We will denote by i(A) the number of nonconstant (or nontrivial)
invariant factors of A. It can be observed that i(A) is the greatest geometric
multiplicity of the eigenvalues of A.

We denote by My C C™*™ the set

Mg :={A e C"" :i(A) < k}.

That is to say, My, is the set of the matrices A with all its eigenvalues
with geometric multiplicity < k. Thus, in particular, My is the set of n x n
nonderogatory matrices. Since

AeMy, < forall A\ € A(A) rank(AM — A) >n —k,

the set M, is open. So, its complementary set My is closed. Then, given a
matrix D € My, if we consider a closed ball B(D, p) C C™**™, with center at
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Section 1: Introduction 5

D and radius p, it makes sense to find the distance from D to the compact
set Mg N B(D, p) of k-derogatory matrices in the ball.

Antecedent of the problem
The problem of finding
min{|[Y —D| : Y e M}

was addressed in [7, Theorem 4.1]. There its authors calculated this min-
imum value and also the matrix where it is attained. They obtained the
formula

in ||Y=D||=mino,__1) (A, — D 1.1
y nin [ I = min oy, ge—1)( ) (1.1)
iY) >k

for the minimum and also proved that if Ay € C is a point where the
function A — o,,_—1)(Al, — D) attains its minimum value, then a matrix
Y; where the minimum of the left hand side of (1.1) is reached is given by

Yi=D+ Sn—(k—l)un—(k—l)U;,(k,l) 4+ 4 Snunvz

where
Si, Ui, v, (=n—(k—=1),...,n),

Ind <4< » > | | Back <« Doc Doc »



Section 1: Introduction 6

are the k last singular values and singular vectors of the matrix \yI,, — D.
Moreover )\g is an eigenvalue of Y; with geometric multiplicity equal to k.

Problem

The main result we obtain in this article (Theorem 4.1) generalizes this
result to the case in which it is not allowed varying the whole matrix but
only into a submatrix. Let G be an n x n complex matrix with less than &
nonconstant invariant factors

A B
¢-(& 3)
partitioned into four blocks A € C™"t*"™t B e C™*"2 (C € C™*™ D €
CTLQXTLQ.

We are going to find the distance from D to the set of matrices Y &€
Cm2*"2 guch that the matrix

A B
Gy = (C Y>
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Section 1: Introduction 7
is k-derogatory (in case if this set is not empty):
min  ||[Y — D|. (1.2)
Y € cr2Xxn2
Gy € My,

Also we are going to find a matrix Y; € C"2*™2 where this constrained
minimum is attained.

Submatrix that lowers the rank

In order to do that we will use some results from the papers [4],[13], [1§]
and the book [3] which point out what are the possible ranks of all the
matrices in the form

ny N9
L A B mi
Ox i= (c ><> my
by varying X in C™2*"2 and what is the nearest matrix, of this form, to
the previously fixed matrix
A B
s (¢ o)
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Section 1: Introduction 8

and such that rank Gx < rank G.

A summary of results from [13, Theorem 19, (8.1), (8.2) and (8.6)], [4,
Theorem 3], [18, Theorem 2.1] and Theorem 6.3.7, page 102, of the book [3],
which we need here, is the following theorem.

Theorem 1.1 With the previous notations, let
p = rank[A, B] 4 rank {é} —rank A.

Then rank Gx must satisfy
p < rank Gx

for all matriz X € C™2x"2,
Also it is true that there exists a matriz Z € C™2%™2 gsych that

rank Gz = p.
Now let
M:= (I — AATB, N:=C(I —ATA),
then, for all X € C™2%n2,
rank Gx = p + rank S(X),
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Section 1: Introduction 9

where
S(X) := (I — NNT)(X — CATB)(I — MTM).
If r is an integer which satisfy the inequalities
p <r <rankG,
then a matriz Xo € C™2*"2 gsuch that
[[Xo — D|| = min{||X — DJ| : rankGx < r}
is given by the formula
Xo:=D—U diag(O, 0,041 (S(D)), 0 12(S(D)), ..., 0 (S(D))) v,
(1.3)
in which:
(i) pi=r—p.

(i) U € Cm2xm2 V€ C"2*"2 gre the unitary matrices which appear in
the singular value decomposition of the matriz S(D):

U*S(D)V = diag(01 ($(D)), .., 0, (S(D)), 0ps1(S(D)),
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Section 1: Introduction 10
.0 (S(D))) c (sz)xnz7
(#ii) 1 := min{ma,na2},

(iv) diag(01 (S(D)),...,JP(S(D)),JPH(S(D)),...,al(S(D))) is the max
ng matriz A = (d;;), not necessarily squared, such that

d,,._{O if i),
VL ei(8D) if =y,

(v) diag (0, .,0,0p11(5(D)), 0p12(S(D)),..., 0 (S(D))) is the matriz
from (iv) with the change di; =0 fori=1,...,p.

From (1.3) it results obvious that
min{||X — D|| : X € C™2*"2, rank Gx < r} = 0,41 (5(D)).

Organization

This paper is organized as follows: In Section 2 we address the question of
existence of k-derogatory matrices in the shape (4 £) with fixed A, B and
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Section 1: Introduction 11

C and variable Y; we will see that a such matrix exists always if the size
of Y is greater than or equal to k. Section 3 is devoted to an important
real function hy defined on a plane domain constituted by R? minus some
eigenvalues of A, if the size of D is greater than or equal to k; when this
size is less than k, the definition set of the function hj is a subset of the
spectrum of A (so, it is finite). Section 4 deals with the conversion of the
constrained minimization problem (1.2) in a problem of global minimization
of the function hj on its domain. Finally, in Section 5 we consider the related
question of finding where are the k-derogatory eigenvalues of all matrices
(A E) with Y adequately close to D; this is linked with the concept of
pseudospectrum [16, 17].
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2. Existence of k-derogatory matrices with constraints

In general, for a pair of matrices (A, B) € C™*™ x C"*™ we call i[A, B] the
number of nonconstant invariant factors of the polynomial matrix A[I,,, 0] —
[A,B].1f C € C™*", we denote by i [ 2] the number of nonconstant invariant
factors of the polynomial matrix A [%n] — [2]. Let v € {1,...,n+m}. A
result from [15, Theorem 6, p. 6] says that there exists a matrix D € C™*™

such that A B
: (c D) sv

max{i[A, B, [é]} <.
Now we turn over our problem. So, let G be an n x n complex such that

i(G) < k,
- (4 D).

partitioned into four blocks A € C"*™ B e Cm*"2 (C € C™*™ D ¢
C™*™2_ From aforementioned Silva’s result [15], we have that

max {i[A, B],i[A]} <k — 1.
Ind <4< » > | | 3 Back <« Doc Doc »
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Section 2: Existence of k-derogatory matrices with constraints 13

We are going to find the distance from D to the set of matrices Y € C™2*"2

such that the matrix
Gy A B
YU \C Y
is k-derogatory, in case if this set is not empty.

General considerations

For each A € C, let Ny, » be the set of all matrices Y € C™2*"2 such that A
is an eigenvalue of Gy with geometric multiplicity > k; with symbols,

Ny ={Y € C™"™ : gm(\,Gy) > k}.

As we will see later it can occur that for some A € C let the set N » be
empty. Taking this into account we define the set

Q= {)\ € C: N #* @} (21)
Or what is equivalent,

Q= {AeC: 3Y € C™"", gm(\,Gy) > k}.
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Section 2: Existence of k-derogatory matrices with constraints 14

In other words, 2 is the set of all k-derogatory eigenvalues of matrices in
the shape (& £) where Y runs over C"2*"2. Calling

N :={Y e C™*™ : {(Gy) > k}, (2.2)
we have
Ny = U Nk (2.3)
AEQy

So, i, is empty if and only if Ny is empty. Note that
N ={Y e C"*": Gy € Mj}.
For every A € C we define
M, — A
p1(A) :=rank[AL,, — A, —B] + rank o —rank(Al,, — A4), (2.4)

M) = [Lny — (A, = )M, — A)T] (- B), (2.5)
N = (= O) I, = (AL, — A){ (AL, — A)]. (2.6)
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Section 2: Existence of k-derogatory matrices with constraints 15
Thus, the functions p;, M and N depend only on A € C. Moreover, for
every A € C and every Y € C"2*"2 we define the matrix

S1(NY) =
(Inz - ( )N(/\)T)( ny Y — O()‘IYH - A)TB) (27)
X (Iny = M(A)TM(N)).

by Theorem 1.1, it follows

B Mu,, ~A| -B
rank(A, — Gy) = raﬂk< —C | M, —Y )

= p1(A) +rank S;(\,Y). (2.8)

First of all, we deduce a lower bound of the function p; due to the
hypothesis i(G) < k.

Proposition 2.1 With the preceding notations, for all A € C,
ny — k’+1 S pl()\)
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Section 2: Existence of k-derogatory matrices with constraints 16

PROOF: By (2.8) we have

Ma—A| -B \
rank ( G M. D ) = p1(A) + rank S1 (A, D). (2.9)
As i(G) < k, for all A € C,
Mo, —A| -B \ _
n—k<rank< G M. D > = p1(A) +rank S1(\, D), (2.10)

So, by (2.9) and (2.10),
ny +ng — k < p1(A) +rank S1(\, D);
since rank S7 (A, D) < ng, we have
ny +ng —k < pr(A) + no.
What implies n1 — k < p1(A) or, equivalently, ny —k + 1 < p1 (). O

Proposition 2.2
Q={AeC: p1(N) <n-—k}
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PROOF: If A € Q, then there exists Y € C™*™2 such that gm(\,Gy) > k
what is equivalent to rank(Al, — Gy) < n — k. Hence by (2.8),

p1(A) +rank S1(\,Y) < n — k.

Therefore p1(A) <n — k.
Conversely, if A € C is such that p;(\) < n — k, then taking

Yy := M, — C(\I,, — A)'B,
it follows by (2.7) that S1(A,Yy) = 0. Thus,

rank(Al,, — Gy,) = p1(\);
S0,
rank(Al,, — Gy,) <n —k.
Consequently, Ny, \ # (). Hence X € Q. O

If k is greater than no, then the set ) is “small” as we are going to see
next.

Ind <4< » > | | 3 Back <« Doc Doc »



Section 2: Existence of k-derogatory matrices with constraints 18

Proposition 2.3 Ifny <k and X\ ¢ A(A), then Ny = 0.

PROOF: Given that every eigenvalue of (4, B), resp. of (C, A), is an eigen-
value of A, from (2.4) for all A ¢ A(A) we have p1(A) = ny. And if there
exists a matrix Y € Ny, » it follows from definition of Ny » and (2.8) that

p1(A) +rank S1(\,Y) <n —k;
hence n; < ny+ns—k. This implies 0 < no—k, which contradicts no—k < 0.
O

Thus, from this proposition and the definition (2.1) of the set Q) we
can derive the following result.

Proposition 2.4 If ny, < k, then
Qi C A(A).

So, when ny < k, what eigenvalues of A belong to Q;? we will answer this
question later on. Before, let us establish a sufficient condition for Q2 to be
empty.
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Section 2: Existence of k-derogatory matrices with constraints 19
Proposition 2.5 Suppose that ny < k and for all o € A(A) we have
gm(o, A) < k — no. (2.11)
Then
Qp =0.
PROOF: If for all @ € A(A), gm(a, A) <k — ng, then
rank(al,, —A)>n; —(k—n2)=n1+ny—k=n—k;

therefore, p1(a) > n — k. Hence, by Proposition 2.2 « ¢ Q and, as Q C
A(A) from Proposition 2.4, we deduce

Qp =0.

Proposition 2.5 admits the next equivalent statements.

Proposition 2.6 Suppose that ny < k and for all o € A(A) we have
gm(o, A) < k — no.
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Section 2: Existence of k-derogatory matrices with constraints 20

Then, it does not exist any matriz Y € C"2*"2 gych that

(A B
’(C Y)Zk’

i.e. the set Ny is empty.

Examples with ny, < k

We are going to consider two examples that show us the set 2 can be
empty.

Example 2.1 Let

1 1 011 2
0O 1 2|0 0
G:= (é g) = 0 0 0|1 2
1 0 —-1]0 2
-1 0 1|1 0
Here ny = 2,n = 5. Let k := 4. Since i(G) = 1, we have i(G) < k; by the

other hand, A(A) = {0,1}. We see that gm(0,A4) = 1,gm(1,A) = 1; so,
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Section 2: Existence of k-derogatory matrices with constraints 21
1<2=4—2=Fk—ng, but p;(0) =4 and p;(1) = 4; hence

p1(0) £1 =5—4=n —k so, Proposition 2.2 implies 0 ¢ €y

p1(1) £1 =5—4=n—k so, Proposition 2.2 implies 1 ¢ Q4
Hence, by Proposition 2.4,

Q= 0.

As k —ny = 4 — 2 = 2, this result can also be deduced directly from
Proposition 2.5 without the need to compute p1(0), p1(1).

Notwithstanding it can occur that Qi = () though for some « € A(A)
we have gm(a, A) > k — no, as we can see in the next example.

Example 2.2 Let

0 1 011 2
0 0 010 O
Gz(é IB;) = 0 0 011 2
1 0 —-1]0 2
-1 0 1|1 0
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Section 2: Existence of k-derogatory matrices with constraints 22
Here we again take k := 4; given that i(G) = 2 it follows i(G) < k. Now
A(A) = {0}, and
gm(0,A) =2 ¢ 2=k —ny;
but
mn(0)=3L1=5—-4=n—k.

Thus, by Propositions 2.4 and 2.2, 0 ¢ Q4.

Therefore, condition (2.11) of Proposition 2.5 is sufficient for €, = (), but

it is not a necessary condition. However, the condition ne < k is necessary
for Qi = 0, as we will see in Proposition 2.7.

Existence of k-derogatory matrices when ny > k

In the previous examples, no < k. Let us see that when no > k, the situation
changes. The following proposition give us a sufficient condition so that the
set in (2.2) is not empty.

Proposition 2.7 Let ny, na be positive integers, let A € C™*™ B €
Cmxnz2 (e C"*™ gnd letn:=ny +ng. Let k, 2 < k < n, be an integer.
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Section 2: Existence of k-derogatory matrices with constraints 23

If no > k then there exist matrices Y € C"2*"2 gych that the matrix

Gy = (é 5) e Crxn

is k-derogatory.

PROOF: Let A\g be a complex number which is not an eigenvalue of A. Let
Yo := Aoln, — C(Noln, — A)"'B (2.12)
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Section 2: Existence of k-derogatory matrices with constraints 24

By virtue of Theorem 1.1,

rank(AoI, — Gy, ) = rank < Aoln, — A ‘ —B >

—C [ Aoln, — Yo
I, —
—C
+ rank(M\ol,,, — Yo — C(NoIn, — A)"'B)
= ng+ny —ng + rank(\ol,,, — Yo — C(Noln, — A)"'B)
= ny +rank(Nol,, — Ao, + C(Nol,, — A)7'B —
C(Moln, — A)7IB)

= nl

= rank[Aol,, — A, —B] + rank [AO A} —rank(Aolp,, — A)

As k < ng, we have ny < ny+ns—k = n—k. Therefore \q is a k-derogatory
eigenvalue of Gy, and this matrix is k-derogatory. O

Remark 2.1 Note that this proposition proves even more: For each A\ €
C \ A(A) there exists a matrix Yy € C"2*™2 such that A is a k-derogatory
eigenvalue of Gy, .
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Existence of k-derogatory matrices when n, < k

After Proposition 2.4 we write the following question: When ngs < k, what
eigenvalues of A belong to €7 An answer is Ao € A(A) belongs to Qy, if
and only if p1(Ag) < n—k, as it can be seen from the final part of the proof
of the next result (“if”) and Proposition 2.2 (“only if”).

Proposition 2.8 If no < k, then there exists a Y € C"2*"2 such that
i(Gy) > k if and only if there exists a Ao € A(A) such that p1(Ao) < n—k.
PROOF: If there exists a Y € C"2*"2 such that i(Gy) > k, then Gy has a
k-derogatory eigenvalue «; i.e. gm(a, Gy) > k. Hence
rank(al, — Gy) <n—k. (2.13)
By (2.8)
rank(al, — Gy) = p1(a) + rank S1(a, Y). (2.14)
Therefore, a € A(A); otherwise, given that 0 < rank S;(a,Y’), from (2.13)
and (2.14) we should have k < ng; what is absurd. Moreover, (2.13) and
(2.14) imply p1(a) < n — k.
Conversely, if there exists a A\g € A(A) such that p1(Ag) < n — k take
Y := Molpn, — C(NoI,, — A)'B;
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Section 2: Existence of k-derogatory matrices with constraints 26
by (2.7), this implies Sy (Ao, Y) = 0. Hence, by (2.8),

rank(Aoln, — Gy) = p1(Xo);
so, gm(Ag, Gy) > k. O

Paraphrasing this statement in analogous terms to those of [15], we
have:

Proposition 2.9 Let A € Ct*™ B € C"t*"2 C € C™"2*"t. Let k be an
integer, no < k < n. Then there exists a Y € C™*™2 gsuch that

(A B
’(C Y)Zk

if and only if there exists a A\g € A(A) such that

)\OInl -

rank[Agl,, — A, —B] 4+ rank { "o

A] —rank(Aol,, — A) <n—k.

Remark 2.2 The reference to the Moore-Penrose inverse in this statement
and many of the results of this paper referring to ranks can be weakened.
According to Theorem 6.3.7, page 102, of the book [3] and Theorem 19
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Section 2: Existence of k-derogatory matrices with constraints 27

from [13], we can put A~ instead of AT, where A~ is any (1)-inverse of the
matrix A € C™*"; that is to say, A~ is any solution of the equation

AXA =A.

Scalar matrices

Consider now the case k = n. Given the matrices A € C"t*"™ B € C"t*"2,
C e Cr2x™m D e C"*"2 guch that

7 4 B <n
C D ’
what conditions must satisfy A, B and C for there exists a matrix ¥ €

C™2%™2 guch that A
B
; ?
1 (C’ Y) >n’

This question is equivalent to ask for conditions to
1 A B n
cC Y]
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Section 2: Existence of k-derogatory matrices with constraints 28
or, what is the same, that the matrix (& £) se a scalar matrix. Recall that
a scalar matrix is a matrix in the shape af, with an o € C. If there exists
Y € C"2*"2 such that (4 £) is a scalar matrix, then necessarily there is an

o € C such that (4 &) = al,; hence it follows
A=al,, B=0
C =0, Y =al,,.
Therefore, for the existence of Y such that i (4 &) > n are necessary con-
ditions that A, B and C be in the shape
A= al,,, for some a € C,
B =0, (2.15)
C=0.

Let see that these conditions (2.15) are also sufficient. In fact, under them
there exists Y := al,, such that

aolp, 0
0 ol
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Section 2: Existence of k-derogatory matrices with constraints 29
Reminding that
QY ={AeC:p(N) <n-—Fk}
by Proposition 2.2, and assigning the value n to k, one has
Q,={reC:pi(A) <n—n};
s0, A € Q,, < p1(A) = 0. Now then, p;(\) = 0 is equivalent to
rank(Al,, — A) =0, rank(—B)=0, rank(-C)=0;
and these conditions are equivalent to
A=M,,, B=0, C=0.

Thus, the set €2, has only an element: the one A € C such that A = A\[,,,.
Therefore,
Q, = {a}. (2.16)
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3. The function of two real variables to be minimized
Let k be an integer, 2 < k < n. Let

A B
(n14+n2)x(n1+n2)
G= (C D) eC )

be an n x n, four block partitioned matrix such that i(G) < k. In order to
use the Theorem 1.1, for each A € Qj we define

pr(A) ==n—Fk—pi(A). (3.1)

Proposition 3.1 For all A € Qr, 0<pr(N) <ng—1.

PROOF: From the definition of py(A\) and Proposition 2.2 for all A € Q we
have 0 < pg(\). By Proposition 2.1,

pckA)=n14+ne—k—pt(AN)<ni+ns—k—(ng —k+1)
=ni+ne—k—n+k—1=mny—1.
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Let
hk : Qk — R
A — O'pk(A)+1(Sl()‘7D))

be the function that associates to each complex number A € , the (pr(A)+
1)th singular value of the ng X ny matrix Sy(A, D). The definition of this
matrix can be seen in (2.7) changing Y by D.

Let us now assume that ny > k, which is the most interesting case. The-
orem 3.3 summarizes some properties of the function hy. Before of giving
its statement, we need some previous results.

(3.2)

Lemma 3.2 Let My, My, M3 be nxn complex matrices. Let k be an integer,
2 < k < n. Then the following inequalities concerning their singular values
are true:

(i) on(My) opn—py1(M2) 0n(M3) < 0 py1 (M1 Mo Ms),
(il) on—r+1(M1MaM3) < ||My| [ Ms]| on—k41(Ma).

PROOF: The inequalities in each line follow from two applications of The-
orem 1, p. 44, of [14]. O
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Now let
F(\) := M, — D —C(\I,, — A)™'B;
here, AI,,, — D is a polynomial matrix in the variable A and C'(\I,,, —A)~'B
is a strictly proper rational matrix function because

lim C(\,, —A)"'B=0.

[A|—o0
Moreover, for each
AeC~ (A(A)UA ([é gD) ,
we have
S M, — A ‘ -B B
e —C [M.,-D )~

rank(Al,, — A) + rank F(\) = ny + rank F'(\),
in virtue of formula (7), p. 46, of [12] on the Schur complement of A\I,,, — A

m
M, —A| -B
~C [ M,,-D )
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Hence,

rank F'(A) = ngy
and so det FI(A) # 0. Therefore, we can consider the local Smith form of
the rational matrix function F(\) at Ag, the complex number Ay being an
eigenvalue of A:

F(A) = E1(A) diag[(A = Xo)"™, ..., (A= Ao)""2] Ea(N), (3.3)

where E;(A) and Ea(A) are rational matrix functions that are defined and
invertible at Ao, and v1,...,1,, are integers; these integers are uniquely
determined by F'(A) and A¢ up to permutation and do not depend on the
particular choice of the local Smith form (3.3); they are called the partial
multiplicities of F(\) at Ag. See Section 7.2, p. 218-219, of [6].

In virtue of Theorem 1.13.2 (3), p. 25, of the book [10], the poles of F'())
belong to A(A) even if the realization C'(\I,,, — A)~! B is not minimal. But
it may occur that some eigenvalues of A are not poles of F'(\).

Theorem 3.3 With the previous motations, let us assume no > k. Let
hi : Q — R be the function we have defined in (3.2). Then

(i) the function hy is continuous on Qi ~ A(A),
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(i) if Ao € A(A) and the number of negative partial multiplicities of F(X)
at \g is greater than or equal to no — k + 1, then

)\EH)\IU hk()‘) = o0,
(iii) if Ao € A(A) and the number of negative partial multiplicities of F'(\)
at Ag is less than ny — k + 1, then there exists the limit
i
(iv)
lim A () = oco.

[A|— o0

PROOF:
(i) If X € Qp N A(A), then
()\Inl - A)T = ()\Inl - A)_1

and therefore
M) =0, NMN=0
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and from (3.1) it follows
pe(A) =n1+ne—k—ny =na—k; (3.4)
so that
hi(N) = 0py—kr1 (M, — D — C(A,, — A)"'B). (3.5)
By virtue of the continuity of the function
A= (M, — A)~!

on C \ A(A4) and because of being the singular values of a matrix
continuous functions of it, it follows that the function

A= 0py—pt1 (M, — D — C(AL,, — A)"'B)
is continuous at each point A € Q; N A(A).
(ii) Call A(A) the diagonal matrix
diag[(A — Ao)"*, ..., (A — Ag)"2]
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that appears in (3.3). Applying inequality (i) of Lemma 3.2 to pro-
duct (3.3) we have

Tnz (E1(N) Ong—iet1 (AN)) 00y (B2(N)) < 0pp—ir1 (F(N)). - (3.6)
It is easy to see that the singular values of A()) are
A= Xo|™ 5o A= Ao|2

(not necessarily ordered from largest to smallest). By the hypothesis
on the negative partial multiplicities of F'(A) at A\g, we have that the
(ng — k4 1)th singular value of A(\) (when ordered in nonincreasing

order) is in the shape
1

A= Xo|”’
with a positive integer p (the number p does not depend on A!) for all
A sufficiently closed to A\g and different from it. Hence,
1

Jim Ony—k+1(A(N)) = A P - > (3.7)
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(iii)

As F1(X\o) and E2(Ag) are invertible it follows
Alin; Ony (E1(N)) = oy (E1(No)) > 0,
A0

Alir&lo Ony (E2(N)) = 0y (E2(Ao)) > 0.
Therefore, by (3.7) we have
)\li_)n/{o Oy (E1(N) Ong—iot1 (A(N)) 0y (E2(N)) = o0
from here and (3.6) it follows
lin)} Ons—tt1(F(N)) = oo.

A— Ao
Let ¢ be the number of negative partial multiplicities of F'(A) at Ag.
So, ¢ < my — k + 1. Permuting the elements of the diagonal of A()\),
if necessary, we can suppose that

v <0,...,0 < 0,441 2>0,...,v,, > 0.
Then the singular values of A(X) are
1 1 v v
S A= A= A (3.8)
A= Xo| ™ [A— Aol
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In the case of X is sufficiently close to A, the numbers

1 1
A= Do ™ = AT
are the ¢ greatest numbers in the list (3.8); thus,
Tnz—kr1(AN)) = A = Aol* (3.9)

with ¢ an integer > 0 (the number ¢ does not depend on A!).

Taking into account (3.3), (3.9) and inequality (ii) in Lemma 3.2,
Tna—kr1 (F(N) < E1N) B2V ong—rs1 (A(N))

IEL VT BN A = Xl (3.10)

Given that E7(\o) and E3(\g) are invertible,
[E1(Xo)[[ > 0, [[E2(Mo)| > 0;

then by (3.10) there exist a real number M > 0 and a deleted neigh-
bourhood N of A\g such that for all A € N, we have

O’n2_k+1(F()\)) S M.
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From this upper bound and due to the fact that oy, 41 (F(X)) is an
algebraic function, it follows that there exists the limit

Ali—»r?o Ony—k+1 (F()\))

For all A € C~ A(A), by [9, p.178, Theorem 3.3.16 (c)] we have

|0y —kt1 (Any — D = C(Alp, — A)7'B) — 0y k41 (M, — D)|
<|-C\L,, — A7B|. (3.11)

As (M, — A)~! is a matrix of strictly proper rational functions in A,
we have

| —C(\l,, —A)"'B|| =0 (3.12)

when |A| — oo. Given that 0y, —g41(Aln, — D) — 0o when |\ — oo
[7, proof of Theorem 4.1], it follows from (3.11) and (3.12) that

lim o, ki1 (AMny, — D — C(AL,, — A)"'B) = oo.

[A|— 00
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Remark 3.1 From this theorem it follows that there exists the minimum

juin hi(N). (3.13)

If no < k, by Proposition 2.4 the set 1 is finite; from which the minimum
(3.13) exists for whatever value of k.

In relation with point (iii) of the proof of Theorem 3.3, when Ag is not
a pole of F(\), i.e. there is no negative partial multiplicity of Ao, we can
say more.

Theorem 3.4 With the preceding notations, if Ao is not a pole of F(\),
then

)\hH){ Ono—k+1 (F()\)) = Un27k+1(>\()-[n2 —D— CS)\OB);
— A0

where

v(a)—1
P D Dq
Sy, = E * 4 & s+t
_ — — a)v(a)
a€A(A)~{ Ao} do—a (do—a) (Ao — a)te
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For each o € A(A), the matrices Py, Do, and the number v(a) are the Riesz
eigenprojection, the eigennilpotent and the index, belonging to the eigen-
value o, respectively.

PROOF: The Laurent expansion of the resolvent of A in a neighbourhood
of X\g is

Py, v(Ao) j—l

(AL, —A)~! = )\—)\OJFZ +Z 1)"STFL (A= Xo)™. (3.14)
]:

where )
Py, = — ¢ (M, — A)"Hd),
Ao o I‘( ni )
T" being a suitable sufficiently small positively oriented circle centred at Ag.
The matrix Py, is the Riesz projector or eigenprojection associated to Ag.

The matrix D), is the eigennilpotent matrix
D)\o = (A - )‘OInl)P)\w
associated to Ag. See [1, p. 74, p.66-67 ][11, p. 41-42]. From (3.14), we
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deduce

with

CPy,B ”f) cDi'B
A=Xo = (A=)

F(A\) =\, —D—

—Z T(A = X)"CSIHB

n=0

1 1
= — = (M, — A)~ta).
S =50 F)\f)\o()\"l )7 dA

42

(3.15)

As X is not a pole of F(\), we have that all coefficients of negative
powers of A — Ao in (3.15) are zero. So,

from it follows

Ind

F(\) =\, — D — Z D"CSYB - (A= Xo)™; (3.16)
11H)\1 Ono—k+1 (F()\)) = Jn27k+1(>\0]’n2 - D — CS)\OB
— A0
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From [12, p. 315] (where it puts Zio instead of Py,), we have

s—1

[I =)
Py, = 93,(A) with 9, () 1= 25—,
(Ao —Aj)

1

J
with
{)\1, ey )\571} = A(A) N {)\0}
The formula
P, D, Dy
Su= D + sttt @
a€A(A)~{ro} do—a (Qo—a) (Ao — )@

for S, it can be seen in [11, p. 42, (5.32)] (Kato defined the resolvent of A
as (A — \I,,,)~!; hence the minus sign which appears in its formula (5.32)).
a
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Remark 3.2 The index, v(«), of each eigenvalue « of A satisfies that
Do #0,...,Du7 40 and D% =o.
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4. Optimal submatrix that increases the geometric mul-
tiplicity

Let n1,ny be positive integers and n := ny; + ny. Let k be an integer,

2<k<n. Let Ac Cm*m Be(Cm*m2 (C e C™*™ and D € C™*"2 be
matrices such that i(G) < k, where

A B
G (2 8)
For each Y € C"2*™ let Gy := (4 £). In this section we give a solution
to the problem of finding the minimum of the set
{IY =DJ||: Y eC™*"™  (Gy) >k} (4.1)

by means of the following theorem.

Theorem 4.1 Using the preceding notation, let A € C"*™ B € C™*"2,
C e Cm*™ D e C2*"2 pe matrices such that the n x n matrix

(2 2)
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satisfies i(G) < k. Then
min Y — D|| = min hg(N). 4.2
,min Y =Dl = uin () (42)
i(Gy) > k

Moreover, if Ay is a complex number where the function hy : Q — R
attains its minimum value, then a matriz Y1 which minimizes the left-hand
side of (4.2) is given by

Y1y =D+U diag(O, .. "O’Tpk()\o)+1’ R ,Tn2)V*, (43)

where U,V € C"2*"2 qgre the unitary matrices which appear into the singu-
lar value decomposition of the matriz S1(Ao, D):

U*Sl()\o, D)V = diag (7’17 . 77—1%()\0)’ Tpk()\o)+1a e ,TnQ). (44)
And Ay is also a k-derogatory eigenvalue of the matriz Gy, ; in fact, its

geometric multiplicity is equal to k.

PRrROOF: Recall that we denoted by Ny the set of matrices Y € C"2*"2 guch
that the matrix Gy is k-derogatory.

Ind <4< » > | | Back <« Doc Doc »



Section 4: Optimal submatrix increasing the multiplicity 47

Let us call
C={|Y —=D|:Y eN}

and
Cx={[Y =D|: Y € Ngx}

for each A € Q. Then, by (2.3)
C= U Ci.

AEQy

Because 0 is a lower bound of C and of Cy, for each A € Qy, by [5, Proposition
2.3.6] we have

infC =inf( |J Cx) = inf (infC)). (4.5)
AEQ A€,

Moreover, for all A € Q)
infCy = mm HY D], (4.6)
YEN

since Ny » is a closed set (due to the lower semicontinuity of the function
X — rank(X)) .
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On the other hand, by Theorem 1.1, for each A in Q,
Tp(N+1(51(A, D)) =

M, —A| -B M,, —A|-B
-C | M,,-D ) -C | X

o naXna . A, —A ‘ —-B
Lir(N)={XeC .rank( T X <n-—k}.

min
XeLi(A)

’ @

where

If X € C"2*™2 ig any matrix such that
AL, —A|-B
< —
rank( —C ‘ X ) <n-—k

and we define X' := A,,, — X, then X’ € Ny ; conversely, if X’ € Ny 5
and X := A, — X', then

rank( )\I"_lc_A_XB)gnk.
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Consequently, for each A € Q, by virtue of (4.7),
Tp(N+1(51(A, D)) =

M, —A| -B M, —A| -B
-C [ Mn,-D ) —C | M, - X

min
X'ENg A
= min 0 ‘ 0
o X'ENgk A 0 ‘ ()‘Inz - D) - (>‘In2 - X/)
— min |X'—D]. (4.8)
X'ENgk A

From (4.5), (4.6) and (4.8) we deduce

};Ienj{flk ||Y— DH /\lenék O-Pk(A)-i-l (Sl()\,D))
= inf hi(A) = min hy(2).
Now let A\g € € be such that

hi(Xo) = >\H€1}i hie(A).- (4.9)
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Let 71,...,Tn, be the singular values of S;(Ag, D) in nonincreasing order.
By the singular value decomposition theorem, there exist unitary matrices
U,V € C™*"2 guch that

U*Sl()\Q,D)V = diag(ﬁ, o Tpr (M) Tpre(Mo)+1y - -+ Tn2>.
By definition of hy, see (3.2), we have
hir(Ao) = U;Dk()\o)'i'l(sl()‘o’ D)) = Tpr(Ao)+1- (4.10)
Next we define
Y1 := D + Udiag(0,...,0, 7y, (xg)415-- -+ Tna) V™ (4.11)
As the spectral norm is unitarily invariant it follows that
||Y1 - DH = || diag(O, ey 0, Tpr(No)+1s -+ 7Tn2)H = Tpr(No)+1- (412)

Still it remains to prove that Y; € Nj. In fact, we are going to prove that
Y1 € Ni,xo- Indeed, calling Ag := diag(0,...,0, 7, (xg)+15- - -+ Tna)>

(Dol —A|  —B

N —C | Aoln, Vi

B Aoln, — A | -B o
= rank ( —C [Nl —D-UAV* ) ="
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because, by (1.3), subtracting UAgV* to the matrix Agl,, — D we attain
to lower the rank of the matrix

Aoln, — A ‘ -B
—C | Aoln,—D
to the value

Noln, — A | B -
rank ( —C [Nl —D-URWV* ) ="

d

Remark 4.1 From (4.2) of Theorem 4.1 we deduce that the nonnega-
tive integer ¢ that appears in (3.9) must be equal to 0: if ¢ > 0, upper
bound (3.10) should imply that
1iH)\1 Ony—tt1 (F (X)) = 0;

0

A—

hence

Alenfgk hi(A) =0,
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and, by (4.2),
inf IY — DJ| = 0;
Y € Cn2xn2
i(Gy) > k
but this contradicts that the set My is open.
Theorem 4.1 can be proved with inf instead of min.

Scalar matrices. Case k =n

Following the exposed material in the subsection “Scalar matrices” at the

end of Section 2, let
al,, 0
0 D

be an n xn matrix with « € C, D € C"2*"2 n = nj+ny, and i (0‘10"1 g) <

n. Consider the problem of finding the nearest matrix Y € C"2*"2 to D so

that i <(’IO"'1 3) > n; or what is the same, with (O“IO”I 3) a scalar matrix.

Now we are going to see that the conclusions (4.2) and (4.3) of Theorem 4.1
follows straightforwardly in this case. Taking into account (2.16) the domain
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of the function h,, is Q, = {a}. Furthermore p;(«) = 0 and, accordingly,
pn(a) = 0; hence

hn(a) = o1(aln, — D) = [|ady, — DJ.

and
it (V) = ha(@) = lal, = D). (4.13)
On the other hand,
min Y — D| = ||aln, — D], (4.14)
Y e Cn2xn2

Gy scalar matrix
because the set
{Y € C"*"2 | Gy is a scalar matrix}

only has an element: al,,. Therefore, from (4.13) and (4.14) the asser-
tion (4.2) is evident in this case. Besides, by (4.3) and (4.4), as S1(a, D) :=
al,, — D, let UV € C™*"2 be the unitary matrices that appear in the
singular value decomposition of al,,, — D:

U*(al,, — D)V = diag(r1,...,Tn,) with 7 > 0.
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Take
Y, .= D+ Udiag(m,...,Tn,)V* =D+ al,,

which confirms the aforementioned exposed.

Ind <4< » > | | Back

— D =al,,;

4 Doc Doc p»

54



Section 5: k-Derogatory pseudospectrum 55

5. k-Derogatory pseudospectrum

Let M € C™*"™; we will denote by Sk (M) the set of k-derogatory eigenvalues
of M. So, S1(M) = A(M), the spectrum of M. Let G € C"*™ be the

partitioned matrix
A B
(e )

with A € C"t*™ B e Cm*m2 C e Cm2*™ D e C™*"2 and i(G) < k.
Where are the k-derogatory eigenvalues of all matrices

A B
GY:(C Y)

such that Y € C"2*"2 ig sufficiently close to D? This question is closely
related with the problem treated in Section 4. We would like to find out
the geometric description of the set in the complex plane formed by the
k-derogatory eigenvalues of all the matrices Gy whose distance from G is
less than or equal to a prefixed € > 0. If € is less than

min hi(A),
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then there is no k-derogatory eigenvalue of the matrices Gy where ||Y —
DJ| < e, because, by (4.2), all these matrices satisfy i(Gy) < k. So, a
necessary condition for the set

U Sk(Gy) (k-derogatory pseudospectrum of G of radius )
Y —DlI<e
to be nonempty is that
€ > min hi(N).
AEQy
It is natural that the k-derogatory pseudospectrum of G of radius ¢ is equal

to the set enclosed by the e—level curve of the function f(x,y) := hg(z+yi).
This fact is consequence of the following theorem.

Theorem 5.1 With the preceding notations, let € > 0 be a real number.
Then
U Sk(Gy) ={z€Q:hi(z) <e}. (5.1)

Yy ecn2Xng
Y —Dli<e

PROOF: Recall that
Qk:{AE(CSpl(/\)Sn—k}:{AECSNk,A#(Z)}.
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Let z € Qi be such that hg(z) < ¢; then

Opi()+1(S1(2, D)) < e. (5.2)
But
ka(z)Jrl(Sl D))
(2 ) - (42|
XeLy(2) —C zImf ‘ X
— min X'~ D| = X - D||,
X'eNy,
where

. R zl,, —A ‘ —-B 7
Li(z)={X eC .rank< T [ X <n-—k}.

with X € Nj, . (what implies z is a k-derogatory eigenvalue of Gx;).
Furthermore, from (5.2) we have || X — D|| < e. Hence

{zeQ:mz)<etc |J SelGy).

IY —Dl|[<e
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Reciprocally, if 2 € S(Gx;) for some X € C"2*"2 such that [|X; —
D|| < e, it follows that X, € Ny, .; this implies Ny, . # 0, so z € Q. Besides,

1Xo = DIl = ‘

(8<zfn2—D>—O<zfnz—X6> >‘ )

2L, — A ‘ —-B (2 —A ‘ —-B S
—C  |zl,-D —C |z, — X} =
Tpp(x)+1(S1(2, D)) = h(2);
therefore it implies € > hy(z). Hence

U Sk@Gy)={zeQ:h(z)<e}. O

Y —Djl<e
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Structured pseudospectrum
Let G € C™*™ be the partitioned matrix

A B
o-(&5)
with A € Ct>*™ B e Cm*"2 C e C™2*"™t and D € C"2*"2, Here G is any

matriz, and it is not necessary that i(G) < k.
Where are the eigenvalues of all matrices

A B
GYZ:(C Y)

such that Y € C™2*"2 is sufficiently close to D? This question is closely
related with the problem treated in the first part of this Section 5. We would
like to find out the geometric description of the set in the complex plane
formed by the eigenvalues of all the matrices Gy whose distance from G is
less than or equal to a prefixed € > 0. The same question, if it is permitted
to perturb in all entries of the matrix G, has been studied in [16], [17], with
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the name of pseudospectrum of the matrix G of radius € > 0

U a@).
G/ecnXn
e’ -Gli<e
It was proved that

U MG )={z€C:o0,(zI, — G) <e},

GlecnXxn
IG'—Gll<e

where o, (21, — G) is the minimum singular value of the matrix z1I,, — G.
For every A € C , define

c'Y

and let € be the set {\ € C: Nq ) # 0}. Given the matrices A, B and C,
can it happen that for some A € C the set Nj \ be empty? The answer is
affirmative as we can see that for all y € C

e R (SR
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So if A =1, there is no y such that 1 be an eigenvalue of

1)

In fact, in this example ; = C ~ {1}. Calling for any A € 24, p1(}\) as in
(2.4) and S1(A, D) as in (2.7), it is simple to see that Q3 = {A € C: p1(A) <
n — 1}. We have always C ~ A(A) C 24, because for all A € C~ A(4) it
follows p1(\) =nq and n; <n—1.

Now we define the set Q) := {\ € C:ny < p1(A\) < n — 1}. Obviously
QM < Qq, but the content can be strict. For example, given the matrix

31 -2]0 0
04 210 0

G:(ég):oosoo,
00 06 —4
00 010

3
we have that 3 € Oy, because 3 is an eigenvalue of (& 5); but p1(3) =2 # 3,
so 3¢ Q).
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For all A € Q) we define p;(\) :=n — 1 — p1()\) and the function
hy: QM SR

by hi(\) = 0p, (041 (Sl()\,D)). It is easy to see that this has meaning
given that for all A € Q) 0 < p1(A\) < ng — 1. Moreover, A € A(G) N QW
if and only if h;(\) = 0. By an analogous way of the proof of Theorem 5.1
we can prove the following result.

Theorem 5.2 Let G € C™*"™ be the partitioned matriz
A B
s=(&3),
with A € CM*™ B e C™*"2 e C"*™ gnd D € C"2*"2, And lete > 0
be a real number. Then

U AGy)={z€QW :h(z) <c}UAG).

Yecn2xXn2
Y —Dli<e
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There is an alternative characterization of the restricted pseudospec-
trum of G of radius € > 0

U AGy),

Y ecn2Xn2

Y —DJ <e
as
U AGy)={2€C~AG):0n(R(2)) <} UAG),
W Dee
where

R(z) = [(O,Inz)(zln -G ( 122 )T

is the Moore-Penrose inverse of a transfer matrix. See [8, Proposition 2.3,
p. 128].
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6. Conclusions

In [18] it was reformulated a result of [4] that gives in a precise manner how
to find the nearest matrix (& £) that lowers the rank of the matrix (4 8),
by means of ordinary singular values of a matrix related with A, B, C' and
D through the Moore-Penrose inverse. Given that many important features
of the Jordan canonical form of a matrix (in particular, the geometric mul-
tiplicity of its eigenvalues) can be formulated in terms of ranks of certain
matrices, we have been able to obtain a solution to related nearness matrix
problems from this theorem.

We have obtained the nearest matrix (4 2), i (4 £) > k, to the matrix
(4 B) such that i (A B) < k, if we perturb only in D. Also, we have
established the relation of this last problem with the question of where are
the k-derogatory eigenvalues of matrices (é B) with Y adequately close to
D.
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