
Multiplicities of pseudoeigenvaluesMultiplicities of pseudoeigenvalues
Juan-Miguel GraciaJuan-Miguel Gracia

( I L

A S
)

Coimbra, July 19-22, 2004

1



Multiplicities of pseudoeigenvalues 2



Multiplicities of pseudoeigenvalues 3

1

2

λ

λ

λ

3 η



Multiplicities of pseudoeigenvalues 3

1

2

λ

λ

λ

3 η

1

2

λ

λ

λ

3 η

21 22

23

11

12

µ

µ

µ

µ

µµ

31

Figure 1:‖A′ − A‖ < δ
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Converse continuityConverse continuity
Fix ε > 0; if ‖X − A‖ < ε,

• what aboutm(ξ, X) and m(α, A)?
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Pseudoeigenvalues ofA ∈ C
n×nPseudoeigenvalues ofA ∈ Cn×n

ε > 0, ξ0 ∈ C, ε–pseudoeigenvalue ofA if

ξ0 ∈ Λ(X0) for someX0 ∈ C
n×n

‖X0 − A‖ ≤ ε

Pseudospectrum of levelεPseudospectrum of levelε

Λε(A) := set ofε–pseudoeigenvalues ofA
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Λε(A) =
⋃

X∈C
n×n

‖X−A‖≤ε

Λ(X)

Strict pseudospectrum of levelεStrict pseudospectrum of levelε

Λ′
ε(A) =

⋃

X∈C
n×n

‖X−A‖<ε

Λ(X)

• Λε(A) compact set.

• Λ′
ε(A) open set.
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Theorem 1.A ∈ Cn×n, ε > 0; S1, . . . , Sρ(ε,A)

connected components ofΛ′
ε(A); ∀X ∈ Cn×n,

‖X − A‖ < ε, ∀i = 1, . . . , ρ(ε, A),

∑

ξ∈Λ(X)∩Si

m(ξ, X) =
∑

α∈Λ(A)∩Si

m(α, A).
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‖X − A‖ < ε
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Figure 2: Constant sum
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Proof of Theorem 1Proof of Theorem 1
‖X − A‖ < ε

Z(t) := A + t(X − A), 0 ≤ t ≤ 1,
pZ(t)(λ) = det

(

λI − Z(t)
)

;
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Proof of Theorem 1Proof of Theorem 1
‖X − A‖ < ε

Z(t) := A + t(X − A), 0 ≤ t ≤ 1,
pZ(t)(λ) = det

(

λI − Z(t)
)

;

Sylvester’s resultant(2n − 1) × (2n − 1)

R(t) = Res
(

pZ(t), p
′
Z(t)

)

#Λ(Z(t)) = n − ν
(

R(t)
)
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Bifurcation of eigenvaluesBifurcation of eigenvalues
E top. space;A : E → C

n×n continuous.

n(t) := # {µ ∈ C : det
(

µI − A(t)
)

= 0}, t ∈ E.
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Bifurcation of eigenvaluesBifurcation of eigenvalues
E top. space;A : E → C

n×n continuous.

n(t) := # {µ ∈ C : det
(

µI − A(t)
)

= 0}, t ∈ E.

t0 ∈ E point of bifurcation of the spectrumof A if

∀ V (t0) neighbourhood oft0, n(t) 6≡ cte.
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



s if t ∈ [0, 1] r F,

< s if t ∈ F .
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Z(t) = A + t(X − A), 0 ≤ t ≤ 1.

• Because of the entries ofR(t) are polynomials
in t, ∃ a finiteF ⊂ [0, 1],

#Λ(Z(t)) =







s if t ∈ [0, 1] r F,

< s if t ∈ F .

• As rankR(t) ≥ n, ∀t ∈ [0, 1],⇒ 1 ≤ s ≤ n.

• F points bifurcation of spectrum ofZ.
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∀t ∈ [0, 1], {λ1(t), . . . , λs(t)} = Λ(Z(t)) ⊂ Λ′
ε(A).
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Lemma 2. Continuous parametrization

∃ λj : [0, 1] → C, j = 1, . . . , s,

∀t ∈ [0, 1], {λ1(t), . . . , λs(t)} = Λ(Z(t)) ⊂ Λ′
ε(A).

λj

(

[0, 1]
)

⊂ Si for only one connected component.

Lemma 3. Constant multiplicities

(a, b) ⊂ [0, 1] r F ,

• the multiplicities ofλ1(t), . . . , λs(t) are

constant.

Proof.#Λ(Z(t)) ≡ s on (a, b).
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• Graphic explanation:figures.pdf
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Corollaries of Theorem 1Corollaries of Theorem 1
A ∈ C

n×n, ε > 0, Λ′
ε(A),

S1, . . . , Sρ(ε,A) connected components.

µ(ε, A) := max
1≤i≤ρ(ε,A)

∑

α∈Λ(A)∩Si

m(α, A),

⇓

∀X : ‖X−A‖ < ε,∀ξ ∈ Λ(X), m(ξ, X) ≤ µ(ε, A).
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Lower boundLower bound
A ∈ Cn×n,

m(A) := max
α∈Λ(A)

m(α, A);
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Lower boundLower bound
A ∈ Cn×n,

m(A) := max
α∈Λ(A)

m(α, A);

⇓

sup {ε > 0: µ(ε, A) = m(A)} ≤ min
m(X)≥m(A)+1

‖X−A‖
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Figure 3: Greater multiplicity
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The EndThe End


