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Abstract

We give safety neighbourhoods for the necessary conditions in the
change of the Kronecker canonical form of a matrix pencil under small
perturbations.

1 Introduction

Let AF — G be a pencil of rectangular complex matrices. It is known that there
exists a neighbourhood V of AF — G in the space of matrix pencils such that for
all \F" — G’ € V, the Kronecker canonical form of AF' — G’ is very related with
that of AF'—G. This result has been obtained independently by several authors,
being the paper of Pokrzywa (1986) [13] the first appeared. Some of the other
authors are de Hoyos [8], Marques de S4 [12], Hinrichsen and O’Halloran [7],
Boley [1].
We define a distance between the pencils AF’ — G’ and AF — G by

ANF — G AF —G) == |[F' — F| + ||&" - G,

where || - || is the spectral matriz norm. In this paper we give a theoretical
method for finding a positive real number e(AF' — G) such that

A(AF' — G',\F — G) < (A\F — G)

implies that the pencil AF" — G’ has a Kronecker canonical form very related
with that of A\F — G.

For special pencils AF' — G, it is sufficient to use the singular value decom-
position theorem to obtain e(AF — G). In the general case, it is also necessary
to solve a constrained optimization problem to achieve e(AF — G).
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The results of this paper belong to the quantitative theory of perturbation
of the Kronecker canonical form of pencils. We are interested in obtaining
metrical information about pencils of matrices. The qualitative theory deals
with the characterization of all possible changes that happen in the Kronecker
form of the matrix pencils that belong to a sufficiently small neighbourhood V of
the given pencil AF'— G. It also deals with the proof that every possible change
is attained by matrix pencils AF' — G’ as close as one wants to AF — G. In
both cases, one insists on existence theorems: of V, or of AF’ — G’; the obtained
information has a topological character. An article on quantitative theory is [4,
Elmroth,Kagstrom].

Our methodology consists in formulating in the simplest possible form the
integral invariants of the strict equivalence of matrix pencils by means of ranks
of matrices; also we use the duality of partitions of integers. Thus, we utilize
the Weyr characteristic instead of the Segre characteristic with respect to the
eigenvalues of the matrix pencil. In the same way, we employ “conjugate”
partitions of the column and row Kronecker minimal indices of the matrix pencil.
We think that this formulation simplifies very much the exposition and permits
to understand the core of the problems.

The organization of this paper is as follows. The first section is the present
introduction. Section 2 is about definitions and notations; here in Subsection
2.1 we recall the definition of partition of an integer, its conjugate (or dual)
partition, the order relations < (majorization) and << (weak majorization) be-
tween two partitions, that the map which takes a partition into its conjugate
partition is non-increasing monotone with respect to <, and that the conju-
gate of the union of partitions is equal to the sum of the conjugate partitions;
these last two properties permit us to pass from Segre characteristic to Weyr
characteristic and reciprocally.

In Subsection 2.2 we give definitions of rectangular matrix pencils, strict
equivalence of pencils, normal rank of a pencil, regular and right (or left) regular
pencils. We describe a complete system of invariants for the strict equivalence
relation: Kronecker minimal indices and finite and infinite elementary divisors.
We also give the “conjugate” partitions of the Kronecker minimal indices, and
the exponents of the elementary divisors associated with each eigenvalue. We
recall the definitions of Segre and Weyr characteristic.

In Section 3 we give a characterization of the integral invariants, mentioned
before, by ranks of some like block Toeplitz matrices, which dates back to
Gantmacher [5], but developed by Karcanias and Kalogeropoulos [9, 10] and
Pokrzywa [13]. We also present some lemmas about decompositions and nulli-
ties of analogous block Toeplitz matrices due to de Hoyos [8].

In Section 4 we reformulate the necessary conditions satisfied by the Kro-
necker canonical form of every pencil H' = AF’ — G’ sufficiently close to a fixed
pencil X = AF — G. This is posed in Theorem 4.2. At the end of this section,
we set the main objective of this paper: a quantitative version of Theorem 4.2.

In Section 5 we reformulate the underlying inverse problem in the perturba-
tions of the Kronecker canonical form of a matrix pencil.

Finally, Section 6 is dedicated to obtaining safety radius of balls centered
at pencil H that assure the validity of necessary conditions in Theorem 4.2:
In Theorem 6.3 we give a radius so that the normal rank does not decay; in
Theorem 6.4 we give a smaller radius that guarantees the “lower semicontinuity”
with respect to << of the “conjugate” partitions of the column and row minimal



indices; in Theorem 6.6 we give a smaller radius that warrants the “upper
semicontinuity” with respect to << of the Weyr partitions corresponding to the
perturbed eigenvalues close to the eigenvalues of H; and in Theorem 6.9, when
oo is an eigenvalue of H, we give —with the help of a minimization problem—
a smaller radius to bound upperly the Weyr partitions of perturbed eigenvalues
that are distant from those of H; and this last question remains unanswered
when oo is not an eigenvalue of H.

2 Definitions and Notations

2.1 Partitions of Integers

A partition is a finite or infinite sequence of nonnegative integers
a=(a,as,...)

ordered in a nonincreasing order and such that there is only a finite number of
them different from zero,

ay Zaz 2 - Zayg) > 0=ayq)41 ="

We call length of a, l(a), the number of terms of a different from zero.
If a is a given partition, we define the conjugate partition, a, as the partition
whose ith component is

ai:Card{j:ajZi}, 1=1,2,....

If @ and b are partitions and m := max{l(a),(b)} we say that a is majorized
by b and we denote it by a < b if

k k
>ai<d b, k=1,2,...,m-1,
1=1 1=1
and
m k
doai=> b
i=1 =1

we say that a is weakly majorized by b and we denote it by a << b if

k k
ZaiSZbi, k:1,2,
i=1 i=1

It is well known that -
a<bsb<a.

The sum of a and b is denoted by a + b and it is the partition whose ith
component is a; + b;. The union of a and b is denoted by a U b and it is the
partition obtained by reordering all the components of a and b in nonincreasing
order. It is also known that

aUb=a+b.
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2.2 Matrix Pencils

A matrix pencil is a matrix polynomial of degree less than or equal to one; we
denote it by AF' — G or briefly by H; the matrices F' and G belong to C™*™
and, so, A\F — G € C[A\]™*".

The subset of C[A]™*" formed by all the matrix pencils of size m x n, will
be denoted by Ppyxn.-

We say that the matrix pencils A\F; — G1,A\Fy — Gy € P, «n are strictly
equivalent if there exist invertible matrices P € C™*™ and @ € C™*™ such that
P(\F1 — G1)Q = \Fy — Gs.

The normal rank of the pencil H = AF — G € P,,x, is the order of its
greatest minor different from the polynomial zero. We denote it by nrk(AF' — G)
or nrk(H).

The normal rank, so defined, coincides with the ordinary rank of AF' — G as
matrix whose entries belong to C()), the quotient field of C[A].

We say that a pencil H is regular if nrtk(H) = n = m. We say that 3 is right
reqular if nrk(H) = n < m. We say that 3 is left regular if nrtk(H) = m < n.
Consequently, a pencil is regular if and only if it is right and left regular. In the
three cases, nrk(H) is full (i.e. equal to min{m,n}) and, conversely, if nrk(H)
is full the pencil H must be of some (or several) of the indicate kinds.

The following theorem is well known [5, Gantmacher, Section XII.5].

Theorem 2.1 Two pencils are strictly equivalent if and only if they have the
same (column and row) minimal indices and the same (finite and infinite) ele-
mentary divisors.

Therefore, a complete system of invariants for the relation of strict equiva-
lence of pencils is formed by the following types of invariants, associated with
each pencil H:

(1) Column minimal indices denoted by

812"'257'1>5T‘1+1:"':€7’0:0~
We define for : = 0,1,2, ...
ri = Card{j : ¢; > i}.

The numbers rg, 71,72, . . . will be called the r-numbers of the pencil H. From
the definition of the r;’s we deduce that the partitions (e1,...,&.,,0,...) and
r(H) :=(r1,...,7¢,0,...) are conjugate. If ry = 0,75 =0,..., we put r(H) :=
0, where 0 := (0,0,...) is the null partition; in this case 7y may be zero or not.
From the concept of normal rank we have that rqg = n—nrk(H). We will denote
by ci(H) the number, rg, of column minimal indices of 3.

(2) Row minimal indices denoted by

7712...27751>7751+1:...:7750:0'
We define for i =0,1,2,...
s; := Card{j : n; > i}.

The numbers sg, s1, S2, . .. will be called the s-numbers of the pencil H. From
the definition of the s;’s we deduce that the partitions (71,...,7s,,0,...) and



$(H) := (s1,...,8n,,0,...) are conjugate. If sy = 0,52 =0,..., we put s(H) :=
0, where 0 := (0,0,...) is the null partition; in this case sy may be zero or not.
From the concept of normal rank we have that sg = m —nrk(H). We will denote
by ri(H) the number, sp, of row minimal indices of .

(3) Infinite elementary divisors of the form

Mnmla"'a,u'nowxa with Nool 2+ ++ 2 Neoove, > 1.
We will say that
Segre(oo, H) 1= (Moot - - - s Moovays 0, - )

is the partition of the Segre characteristic of the pencil H for the infinite eigen-
value and its conjugate partition

Weyr(oo, H) := Segre(oo, H) := (Meo1, Moo2s - - -)

is the partition of the Weyr characteristic of the pencil H for the infinite eigen-
value.

Therefore moo1 = Voo If 00 is not an eigenvalue of H, we write Segre(co, H) :=
0 and Weyr(oo, H) := 0.

(4) Finite elementary divisors of the form

A=A A= A1) (A= A) e (A= A )P
with ny,1 > - >ny,, =1 (i=1,...,u).
We will say that
Segre(A;, H) :== (nx;15- -+ M5 0,0 2)

is the partition of the Segre characteristic of the pencil H corresponding to the
eigenvalue \; (i = 1,...,u). Its conjugate partition
Weyr(A;, H) := Segre(A;, H) := (mx;1, mr,2, - - -)
will be called the partition of the Weyr characteristic of the pencil H corres-
ponding to the eigenvalue X\; (i = 1,...,u). Consequently, my,1 = vy, (i =
1,...,u).
Let C := CU {oo}. The subset of C formed by all the eigenvalues of H will

be called the spectrum of the pencil H, and will be denoted by o ().
The Segre characteristic of H is the system of partitions

Segre(3€) := (Segre(a, 7))aco(s0)-

The Weyr characteristic of H is the system of partitions
Weyr(H) := (Weyr(a, H))aeo(30)-

We generalize the notations of (3) and (4): If 2 € C we define

| Segre(z,H) if zeo(H)
Segre(z,3t) := { 0 (null partition) if z ¢ o(H)

and analogously

Weyr(z, H) if zeo(XH)

Weyr(z,H) := { 0 (null partition) if 2z ¢ o(H) °



Remark 2.2 A right regular pencil H has not column minimal indices, since
ro = n—nrk(XH) and n = nrk(H). Analogously, a left regular pencil has not row
minimal indices. Thus a regular pencil has as unique invariants the elementary
divisors (finite and infinite).

Given a pencil J with the invariants described above, we can associate
with it a pencil in Kronecker canonical form that we are going to define [5,
Gantmacher]:

(1) If &5 is a column minimal index > 0, we put

RE' = E(J)EjX(EjJrl)'
A =1

(2) If n; is a row minimal index > 0, we put
L, =RI ¢, .
n; n; (nj+1)xn;>

where T denotes transpose.
(3) If ™= is an infinite elementary divisor,

-1 A

T (00) 1= 71 \ € Pripes x100j3
-1

that is to say,
Jnoo; (00) = Ay, (0) = 1

Nooj )

I, (0) € Ceei XM being a Jordan block associated with the eigenvalue 0.
(4) If (A — )™ is a finite elementary divisor,

A—a -1

JF"aj (a) = B B € ﬂ)naj XN )

that is to say,
JFnaj (O() = )\Inaj - Jnaj (Oé)

J,

na; (@) € Ces*Mes being a Jordan block associated with the eigenvalue .
The Kronecker canonical form of the pencil H is the pencil

Ck(H) := diag(R, L, J(0), JF),

where
R:= [diag(Rm P Rsrl )a 0(81+"‘+67~1)><(7’0—7'1):| )

[ diag(Ly,,..., Ly, ) }

L= o1 ,
O(SO*Sl)X(er'“Jrnsl)

J(00) := diag (Jpo, (00), ..., J, (00))

3 YNooveg



and
JF :=diag (JFan()\l), YD SN 0. ) FUUIINY ) NS O ) PR b (Au)) .
By 0px4 we denote the p X g zero matrix.

Remark 2.3 The relation between the number of columns (respectively, the
number of rows) of an m x n pencil H and its integral invariants is the following:

L(Weyr(o,30)) 1(x(30)) U(s(30))
Z Mok + Z T + Z s; + ci(H) = n,
a€o(H) k=1 i=1 i=1
respectively,
I(Weyr(a,3)) 1(x(H)) 1(s(H))
Mak + Z ri + Z $; + ri(H) =m.
aga(H) k=1 i=1 i=1

3 Characterization of the Integer Invariants by
Ranks

A characterization of Weyr(a, H) for a € C and H = A\F — G a regular pencil
(or right or left regular pencil) with F' and G real matrices, is given in [9,
Karcanias, Kalogeropoulos]. These results can be generalized to any pencil of
complex matrices [13, Pokrzywal.

Let A\AF—G € P,,x» and a be any complex number. We define for k = 1,2, ...

[ oF — G 0 0
F aF — G :
Pg(F,G) — 0 F c (Ckmxkn.
: - . aF -G 0
L0 .0 F  oF -G |

Observe that

PHEG) = ( Ikol 0 >®F+Ik®(aF—G),

where ® is the Kronecker product.
If we consider co instead of a we define for k =1,2,...

rTEF 0 ... ... 0
G F
PEFG) =] o a — ( Iko_l 8>®G+Ik®Fe<Cka’“".
: . . F 0
0 ... 0 G F|

For any p € C, we also write Plf(ﬂ-f) = P[f(F, Q).



Theorem 3.1 Let \F —G € Ppywrn. Then, for alla € C and for allk =1,2,. ..
it follows that

PlC F,Q)) ZmMJrkro,

where (Ma1, Ma2,...) = Weyr(a, \F — G), 19 := ci(AF — G) and v(M) :=
dim Ker M denotes the nullity of any complexr matrix M.

We also have characterizations of the r-numbers and s-numbers of a pencil
from sequences of nullities, as it is proved in [10, Karcanias, Kalogeropoulos] for
the real case and in [13, Pokrzywa] for the complex case.

Let A\F'— G € Ppuxn. We define for k =1,2, ...

[ F 0 0 7
G F
nEa =] 0 G T o9 Ve I Yor e ctrimcn,
: G F
L O 0 G

Theorem 3.2 Let \F — G € P,yxpn. Then, for allk =1,2,... one has

k
v(Te(F,G)) Z

where ro := ci(AF — G) and (r1,ra,...) :==r(AF — G).
Theorem 3.3 Let A\F — G € P,y«pn. Then, for allk =1,2,... one has

k
V(T (FT,GT)) = kso — > _si,

i=1
where sg :=T1i(AF — G) and (s1, S2,...) :=s(AF — G).

The next results are necessary in Section 6. Firstly, we define some matrices
like P*(F,G) and that contain these as certain submatrices. Secondly, we will
give the results, which throw some light on Theorem 3.1.

Let \F' — G € Ppxn and a1,..., 04 be arbitrary complex numbers, with
a; #aj fori #j, 4,5 €{1,...,q}. We define for ky,...,k, € {1,2,...}

_P(]fll(F,G) 0 0 T
Qua s (F)  P32(F.G)
Pylia ot (F,G) = 0 Qks ko (F)
: PACLH(F,G) 0
L 0 0 Qrykyr(F) PAI(F,G) ]




where

0 . 0 F
0 ... 00

Quon (F)i= | o L | ectbmxisn
0 .00

forj=1,...,q—1, and

PFika (j—f) — Pgi,,’i‘é (F, G) c C[(lir...Jrkq)m]><[(k1+...+kq)n]’

Q1,...,0q
if H:=AF-G.

Lemma 3.4 Let \F' — G € P, xn. Then, for any distinct o, ...,aq € C and
for any k1,... kg € {1,2,...} it follows that

v(Piboka(F,G)) = v(diag(Py(F,G), ..., Pia(F,G))).
This lemma was proved by transforming the matrix ng;jffffy‘; (F,G) into the

block diagonal matrix diag(P¥!(F,G), ... ,P,fj (F,G)) by means of block ele-
mentary operations [8, I. de Hoyos].

Lemma 3.5 [8,1. de Hoyos]. Let \F'—G € Py, . Let any distinct as, ..., aq €
Candky,....kge{1,2,...}. Let k:=ki+ -+ kq.
If a; & o(AF — G) for everyi=1,...,q, then

When we put any complex numbers Si,...,5; (not necessarily distinct)
instead of aq,..., a4, we define
[ B1F — G 0 0 1
F BoF — G :
Pﬂ17~--7/3k(F7 G) = 0 F

. . Bk—lF*G 0
0 . 0 F BeF — G |

and we have analogous results to Lemmas 3.4 and 3.5.

Lemma 3.6 [8]. Let \F — G € Ppxn. Let B1,...,8k € C (not necessarily
distinct) such that k; of them are equal to o;, (i =1,...,q) and oy # «; for
i # j. Then

. . kq

() ¥(Pp,....5, (F, G)) = v(diag(Py (F,G), ..., Paj (F,G))),

(i) if B; € o(AF — G)) forall j=1,...,k, then

rank(Pg, . 5, (F,G)) =k -nurk(AF — G).



4 Necessary Conditions for Perturbations of Ma-
trix Pencils

As it is known we can obtain a compactification of C adding to it a point at co:
C =CU{oo}. If @« € C, the open ball B(«a,p) :={z € C:|z— a| < p} where
p > 0. And, the open ball of center oo and radius p is

B(oo,p) :={2€C:|z| > p~ '} U{c0}.

This basis of neighbourhoods makes of C a compact topological space.
We will use the spectral matriz norm (or the norm associated to the vector
Euclidean norm || - ||2 seeing the matrix as a linear operator):

3] = masx Mzl
llzll2=1
where M € C™*™.
It is well-known that [|[M|| = o1(M), the greatest singular value of M.
The vector space P,,xn formed by the m x n complex matrix pencils has
the structure of normed space if we consider the following norm on it: for every
A — G € Prxn

IAF =G| = [|F[| + |G-

Let H := AF — G € P,uxn. Given a real number § > 0, we define the
d-neighbourhood of the spectrum of H as

Vs(3):= |J B(a,9)

aco(H)

whenever the balls B(«, d) are pairwise disjoint. Thus we will always suppose
that § > 0 is sufficiently small to hold the meaning of the above definition.

If the matrix A is square, the eigenvalues of A are “continuous”functions of
A as A varies. This property fails for the eigenvalues of a pencil. Let us take
the following example from [14, Van Dooren (1979)] to illustrate this.

Let us consider the pencil

A -1 0 O
0 0 -1 0
0o 0 x -1
0 0 0 A

whose invariants are ¢y = 1 and 7; = 2.
A possible perturbation of this pencil is -for example-

A -1 0 0
0 kiA+ks —1 0
0 ko A -1
ko k1 0 A

(taking ko, k1, k2, ks and k4 complex numbers sufficiently small in absolute
value). The determinant of the perturbed pencil is

Fad® 4+ ks A® + kod? + ki A + ko.

10



Thus, unless a constant factor, we can obtain any polynomial of degree less
or equal to four, and therefore, we can make the perturbed pencil have arbitrary
eigenvalues; the infinite eigenvalue included, which will appear if we take k; = 0.

We may observe that the normal rank of the pencil has changed when we
have perturbed it. But, if we restrict our attention to perturbed pencils that
keep constant the normal rank, then we have continuity for the eigenvalues:

Lemma 4.1 (Continuity of the eigenvalues of a matriz pencil.) Let H := \F —
G € Ppuxn and § > 0. There exists a neighbourhood V of H in Py, «n such that
if H'=AF' — G €V and urk(H') = nrk(H), then

o (H') € Vs(50).

In the next theorem we collect all the necessary conditions of perturbation
of the Kronecker canonical form for matrix pencils, with the above notations.

Theorem 4.2 Let H € P« and § > 0. Then there exists a neighbourhood
V oof H in Ppxn such that if H' € V it follows that nrk(H') > nrk(H) and

moreover:
(i)
r(H) =< v(H) + (h, Y., h),
(i)
S(H) =< s(H) + (h, Y., h),
(iii) for each a € o (H) there exists an open neighbourhood A, of «, contained
in B(a,d), such that

| Weyr(8,3') < Weyr(a, ) + (h, ), h),
BEA,
(iv)
U Weyr(8,3¢) =< (b, . 1),
BEKo
where Ko can be taken as C —Vs(H) or as C — Uaeg(%) Ay, Ay being the open

neighbourhood of o that appears in (iii). If o(H) = o, then Ko := C. The
number h is nrk(H') — nrk(H) = ci(H) — ci(H') and | := min{m,n}.

Remark 4.3 If 7 := A0 — 0 (the zero pencil)€ P, xn, then the conditions (i)
to (iv) are satisfied for all pencil H' € P, «p, close to H or not.

Objective: We intend to find a quantitative version of this theorem in the
following sense. We want to find explicitly a positive number e(H, §), which
depends on H and §, such that if

19¢" = 3¢ < (3¢, 9)

then nrk(H’) > nrk(H) and the consequences (i) to (iv) of Theorem 4.2 are
true.

But, before that let us give our version of the converse of Theorem 4.2 in
the following section.

11



5 Underlying Inverse Problem in the Perturba-
tions of Matrix Pencils

The necessary conditions of perturbation of Kronecker canonical form are also
sufficient (in a suitable sense) to find, as close as we want of a given pencil, a
pencil with some invariants fixed beforehand.

Theorem 5.1 Let H € Ppxn and 6 > 0. For each o € o(H) let t,, be a
given integer > 0 and let m’(«a,1),...,m/(a,t,) be given partitions. For each
B € C—Vs(H) =: Ko let m'(B) be a given partition, where only a finite number
of m'(B) are different from the null partition. Let r' and s’ be given partitions.
Let r{, be a nonnegative integer less than or equal to ci(H). Let sj := rjj+m—n.

There exists in every neighbourhood of H a pencil H' € Poyxn such that

(a) ' =1(H') and rj = ci(H'),

(b) 8 =s(H') and s = ri(H'),

(c) there exists an open neighbourhood A, of a, contained in B(a,d), such
that H' has just to eigenvalues pia1, .-, fat, 0 Ao, and

m'(a, j) = Weyr(pag, 7)) (G=1,... ta);
for each o € o(H),
(d)
m’(B) = Weyr (83, H')
for each B € Ky
if and only if the following conditions are satisfied

r(H) =< 7" + (h, Y., h),

S(H) =< s + (h, Y., h),

O (v, j) << Weyr(ar, H) + (h, ., h)
Jj=1
for each o € o(H),
(iv)
U m'(8) = (h, O, ),

BeKo

o Um/(e.9)) 1(m/(B)) 1(r") 1(s")

> PBEEACH IS Z k+ZT+ZS + 7y =mn,

aco(H) j=1 k=1 BEKy =
where h := ci(H) — ry and I := min{m,n}.

The problem about the existence of the pencil H' is called here the underly-
ing inverse problem; inverse, because we prescribe beforehand some restrictions
on H'’; underlying, since it is something hidden behind this approach. The
demonstrations of the existence of H' are “constructive”, taking that we ex-
actly know the Kronecker canonical form of H for granted.

12



6 Safety Neighbourhoods for the perturbation
of the Kronecker Canonical Form
Now, we are going to formulate our answer to the objective written at the end

of Section 4. Before that, we give two lemmas about the matrices Ty (F, G) in
Section 3 and other matrices related with them.

For each k = 1,2,..., the matrix

FF 0 0 T

G F

nee=| " ¢
F 0
: G F
L 0 0 G |

is equal to

1y, 01xk
F G.

Since

A Bl = [lA[]B]

for any complex matrices A and B and we consider the spectral norm || - ||, we
have the following lemma.

Lemma 6.1 Let M, F,G € C™ ™. Then

1 @ M| = [|M]

1T (F, G| < [[F] + (1G]]

Lemma 6.2 Let My, My, ..., My, N € C™*" and let ki, ks, ..., kq positive in-
tegers such that k1 + ko + -+ 4+ kg = k. Define the matriz

as follows

13



(M 0 0
N M :
0 N
0 0 N M
N My 0 ... ... 0
N M, :
0 N
s M, 0O
0 0 N M
N M

M,
N M, O
N M,
0 N
0

where My appears in k1 block columns and ki block rows

block columns and ky block rows.

Then
kl, Lk
M, i, il < Z | M; || + q|| V|-
=1
Proof: i
MR 0, I <
[ M; O 0 7 [ M, 0 0 7
N Ml N M2
o N .o o N .o
II o X1 I+
Ml 0 : . . M2 0
. O 0 N | . 0 0 N |

14

, My appears in kq

=S



[ My, 0 0 ) )
M, 0 0
N Mam Nq M,
. . . q
0 N o :
+|l _ . _ I+l 0o N~ I
. q
N Mg L0 0 N M, |
L0 .0 N

HTkl (MlvN)” + HTkQ (MQ,N)” +oe Hqufl(Mq—lvN)H—’—

01><(k —-1) 0
I, ® M, + a QR N|| <
” kq 4 [ lkqfl O(kqfl)xl H -

UMl + (N + (M| 4+ [INT]) A+ - -+ (Mgl + IV + (1Ml + [[NV1) =

q
S UM + gl N .
=1
O

I. Now, let H := AF — G € Py xp with H # 0 (by Remark 4.3, the case
H = 0 is trivial) and suppose that p := nrk(AF — G). We want to find a real
number €, > 0 such that if H' = AF' — G’ € P, «,, satisfies

|F' = F|+]IG' =G|l <¢,
then

p < nrk(A\F' — G).

Given that p is the normal rank of AF' — G, there exists a minor of order p of
H that is not equal to the zero polynomial. That is to say, there exists integers
1< <ap<--<a,<m, 1 < B <Py <---<f, <nsuch that

detH[a|f] := det(AF[e] — Gla|B]) # 0

where o = (a1,09,...,0,) and B := (B1,52,...,5,). [Here, we are using
the standard notation: the sequence « indicates the rows and the sequence (8
indicates the columns of the p X p submatrix F[a|8] of F; the analogous for
G[a|B] with regard to G and H|[a|S] with regard to 3 .]

Thus, the pencil AF[a|f] — Gla|B] € P,x, is regular. Therefore, due to
Theorem 3.2 the rank of the matrix

15



[ Flelf] 0 0 7
Glolf]  Flal]
T,(Flold),Glol8)) = | ° G[.a\ﬂ] [”im S A
: ’ . Fla 0
: - Glelf] Flalf]
[0 e .. 0 Glalf] |

is equal to p?. Let 0,2(T,(F[a|B], G[e|B])) be the minimum positive singular
value of the matrix T),(F[c|B], G[a|f]).
For example: If p = 3, the matrix

Fla|f] 0 0
Glalp] Flals] 0
T3(Fla|f], Gla = 6.1
0 0 Glalp]
is a submatrix of the matrix
F 0 0
G F 0
TS(F7 G) - 0 G F )
0 0 G
the matrix (6.1) is just the submatrix corresponding to the rows a1, ag, ..., ap,
m+ap, m+taoz, ..., m+a, 2m+ap, 2m+ oz, ..., 2m+ o, IMm+ o,
3m+ a2, ..., 3m+ a, and to the columns 5y, ..., B,, n+ B1, ..., n+ B,,
n+ i, ..., 2n+ B, of T3(F, Q).

We take

gp 1= 0,2 (T, (F e8], Gl B]);
then if \F' — G’ € P,,xn is a pencil such that

[F' = F|| +[IG" = G|l <&
it follows that
1F'[a]8] = Flel Bl + |G"[a]8] = Glel 8]l < [|IF' = FI| + IG" = G|l < &
and, therefore,

1T (F' el B, G'lev, B]) = T, (Fla| 8], Gla|B])|| = (in the example)

F'la)B 0 0 Flalf) 0 0
|| Gladsl Flasl 0 || Glals] Flalg) 0 |
0 Glalf] Flalg) 0 Glalg] Flalg] | "=
0 G'la|f] 0 0 Gla|B]

16



1F' [l 8] = Fla|]| + |G'[lB] = GlalB]l < &

Consequently,

rank T, (F'[a|6], G'[a]8]) = p°

and, accordingly, the pencil

AF'[a]f] = G'[alf] € Ppx,

is regular; hence
det(AF"[a] 8] — G'[a]B]) # 0
and
ntk(AF' — G') > p.
We have so proved the following theorem.
Theorem 6.3 With the above notations, if

|[F" = Fl| +]IG" = G|| <&,
then

nrk(AF — G) < nrk(AF' — G).

II. Now we search a real number €; > 0 such that

IF" = Fl[+]|G" = G|l < &1

implies
nrk(AF — G) < ntk(\F' — &),
r(A\F — G) < t(A\F' = G') + (h, V., h),
S(AF — G) =< s(\F' = G") + (h, V., h)
where

h:=nrk(A\F' — G') — ntk(AF — G) and [ := min{m, n}.
For each k =1,...,1, let

Umin(Tk (F, G))

be the minimum positive singular value of the matrix Ty (F,G). Let ry :=
ci(H),r1,re,...and r| := ci(H'),r], rh, ... be the r-numbers of the pencils \F' —
G and A\F’' — G, respectively. By Theorem 3.2, we have

17



k
V(Tk(F, G)) = ]{1’/’0 - Z’/‘Z‘

i=1

k
V(Tu(F,G") = krf — > .
=1

Hence, if ||F' — F|| + ||G' — G| < Omin(Tk(F, G)) then

1Tk (F',G') = Te(F, G)|| < IF" = FI| + |G’ = G| < omin(T(F, G)),
which implies that

rank Ty (F', G") > rank Ty (F, G);

consequently

V(Tk(F/, Gl)) < Z/(Tk(F, G))
It follows that

k k
kry — ZT; < kro — Zﬁy
i=1 i=1

which is equivalent to

k k
Do <Y w4 k(ro—rp).
i=1 i=1
As this is true for k =1,2,...,l and h =19 — ) = ci(H) — ci(H'), we deduce

r(A\F — G) < t(A\F' = G') + (h, (D, h).
For each k =1,...,1 let

Umin(Tk(FTa GT))

be the minimum positive singular value of the matrix Ty(FT,GT). Then, by
Theorems 3.2 and 3.3, we have the following theorem.

Theorem 6.4 With the current notations, let
;= mi in omin(Tx(F, G in omin(Tk(FT,GT))}.
€1 = min{ey, 0in Owin(T4(F, G)), min 0w (T:(F7,G7))}
Then, if \F' — G’ € P, xn satisfies the inequality

IF' = Fl| +|G" = G|| < ex,
it follows that

nrk(AF — G) < ntk(\F' — &),

18



(i)

r(AF — G) < t(A\F' = G") + (h, ., h),
(i)

S(AF — G) < s(\F' = G') + (h, D, h).

III. We continue the study of the problem of finding a safety neighbourhood
of the pencil H = AF'—G € P, «xn such that if H’ belongs to that neighbourhood,
then the following inequalities are satisfied

nrk(H) < nrk(H'),

r(H) << () + (b, D, h),

(ii)
S(H) =< s(H) + (h, Y., h),

and
(iii) for each v € o () there exists an open neighbourhood A, := B(a, dq) C
B(a,d) of a such that

U Weyr(8, H') << Weyr(a, 1) + (h, "), h)
BEAQ

This requires some precision. Let us better set the problem for the condition
(iii). Let us suppose that o(H) # @; in other case the condition (iii) always holds
trivially.

We want to choose ¢ > 0 such that the open balls B(w,d), a € o(H) are
pairwise disjoint and § is the best possible (i.e. the greatest possible). We
previously analyze the possibilities about o(H) which can happen:

Case 1: o0 € o(H):

Subcase 1.1: o(H) # {oo}, i.e. o(H) = {A\1,..., Ay, 00}, A; € C for i =
Yoy U

Subcase 1.2: o(H) = {oo}.
Case 2: o0 € o(H), i.e. o(H) = {A1,..., A} (only finite eigenvalues!):

Subcase 2.1: u > 1, i.e. the pencil H has two or more eigenvalues.

Subcase 2.2: uw =1, i.e. the pencil H has an only eigenvalue.

Case 1: 00 € o(H).
Subcase 1.1: o(H) = {A1,..., Ay, 00} with Ay,..., A, € C (u>1).
Subcase 1.1.1: 0 &€ o(H).
Let |Ax| := maxj<;<q |Aif, with &k € {1,...,u}.
Let us choose § to be equal to

1

R |A? 4+ 4 — [\ .1 o111 11
0111 := min 5 : ET%IJH }i‘Al—)\JM EI%I? }5 X—TJ ,1211_%1“5 X
ij€{l,....u i,j€{l,...,u

Subcase 1.1.2: 0 € o(H).
Let us choose

19



1 2 1
ral +4 - [5]

2 )

6:= (5112 ‘= min (5111,

where

[Am| == min [A;].
1<i<u
70
Subcase 1.2: o(H) = {oo}. Then the pencil F — uG € C™*" has as only
eigenvalue the zero: o(F — uG) = {0}. We interchange the roles of F' and G
and we proceed as in Subcase 2.2 later (i.e. we choose § being any positive real
number).
Case 2: oo & o(H); that is to say o(H) = {A1,..., Ay} with Ay,..., A\, € C.
Subcase 2.1: u > 1; i.e. the pencil H has two or more finite eigenvalues.
Then we choose

. 1
6= 521 = 1’{;1]1’1 §|)\z_>\]|
i,j€{1,...,u}

Subcase 2.2: u = 1; i.e. the pencil H has an only finite eigenvalue: o(H) =
{A1} with A\; € C. Then we choose
¢ :=an arbitrary positive real number.

Now, we leave out this classification and consider that the complex number
« is an eigenvalue of the pencil H = AF — G. We try to determine two real
numbers e(H, o, 0) > 0 and A(H, o, §) > 0, with A(H,a, ) < § such that if a
pencil H' = A\F' — G’ € P, «n satisfies

IF' = Fll + G’ — G| < (3, 0,0,
then we have:

nrk(H) < nrk(H')
and
U Weyr(8, ') =< Weyr(a, ) + (h, ., h) (iii)
BeB(a,A(H,a,5))
where h := nrk(H') — nrk(H) and [ := min{m, n}.
Remark 6.5 It can happen that H’ has no eigenvalue in B(a, A(H, «,§)); in
which case Weyr(8,H') = 0 for all § € B(a, A(H, «,d)) and (iii) is trivially
satisfied.

The following theorem shows us a way to find (¥, «,0) and A(H, a, §).
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Theorem 6.6 Let H = AF—G € Py« be a pencil which has finite eigenvalues.
Let p := nrk(H) and choose 6 > 0 as we say in the above classification (Cases
1 and 2, subcases 1.1, 1.2, etc.). Let o € o(H)NC. Letl:= min{m,n} and for
each k=1,---,1, let

ko .. .. . . k .
oae = minimum positive singular value of the matriz Py (H)

)

and we take

a . k,a . . M—al 0
Ornin '= 121};21 oo, 4f the pencil 3 has not the shape { 0 0 } ,
o - ka . . M—al 0
Omin = 2r§nérgllamin, if the pencil H has the shape [ 0 N

Let n be a number such that 0 <n <1, and let

o /21

min

A(i}f,a,é) = mln{m,

6,n}

e(H, a, ) := min{e1, A(H, o, d)}

where €1 is the number defined in the statement of Theorem 6.4.
Then, for all pencil H' = A\F' — G’ € P« such that

|F' = Fll +]IG' - GI| < £(3¢, )
it follows that

nrk(H) < nrk(H')

(i)
r(H) << v(H') + (h, Y., h)
(i)
s(H) =< s(H) + (h, Y., h)
and
(iii)

U Weyr (8, H') << Weyr(a, H) + (h, V., ),
BeB(a,A(H,a,5))

where h := nrk(H') — nrk(¥H).

Proof: Let H' = AF' — G’ € P, xn, be a pencil such that |F' — F||+||G' =G| <
e(H,a,9).

Fix a k € {1,...,l} and let ¢ be an integer, ¢ < k and let kq,...,k, be
positive integers such that k; + ... + k; = k.

Let z1,...,2, € C (distinct). Then, by Lemma 6.2,
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q
1PE ke (30) = PYEOI < allF' = Fll + Y |(z:F" = aF) = (G' = G)|

Z1,.-12¢
i=1

q
SU|IF' = FI+1IG" = G) + Y |zF" — aF|. (6.2)
i=1
For each ¢ = 1,...,¢q we have the identity z,F' — aF = «(F' — F) + (2; —
a)F + (z; — a)F + (2; — @) (F' — F); hence,

[z F" — oF || < |a||[F" = F[| + |z — al||F|| + |2 — of [F" — F]. (6.3)
If |z — a] < A(H,a,9), as ||/ — F|| < A(H, a, ), we have

|z:F' — oF|| < |a|A(H, a,8) + A(H, o, 8)||F|| + A(H, a, §)?

= A(H, o, 9)[|a| + || FIl + A(K, o, )] < A(H, e, 6)[|ee| + | F|| + 1] (6.4)

because A(H, a,0) < 1. By (6.4) and the definition of A(H, «, d) it follows that
o,
|2iF' — aF| < -2, (6.5)
21
Now, we define A,, as the open ball of center a and radius A(F, «, ):

Ay = B(a, A(K, «, 0)).

Let B1,...,3; be the eigenvalues of H’ that are in the ball A,. Let the
partition

t

d:= | Weyr(8,3') = | Weyr(8:, ) = (d1,da, ..., di,...).
BEAA i=1
Denote for 8 € A, Weyr(8, H') =: (mjy, mj,, . ..).
By the definition of union of partitions for each k € {1,...,1} there exist
i1,...,4q € {1,...,t} such that

k k1 kq
/ !
Zdizzm5i1j+...+zmﬁw (6.6)
i=1 j=1 j=1

where k1 + ... + kg = k.
As |Bi, —a| < A(H,a,0),...,|B:, —a|l < A(H,a,0), by (6.2) and (6.5) it
follows that

k1,....k / k Urorllin O-l?;lin Uma in Urorélin o
P 2 (H) — PYH)| <1 + < =%
|| 5i1s~~ﬁiq( ) a( )” 91 q 9] = 9 + 9 O min

hence,
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(H') > rankP*(H);

which is equivalent to
K1,k
v(Pgl s (30) < w(Pg(30).

From Lemma 3.4, this is equivalent to

S (Pl (30)) < v(PE(30).

s=1

This inequality, by (6.6), implies

k k
Z d; + kT6 < Z Me; + kro (67)
1=1 =1
where

(Ma1, Ma2,...) := Weyr(a, H),
ro := ci(H),

r = ci(H') = n — nrk(H").
Recalling that h = ¢ — r{,, the inequality (6.7) implies

k k
Zdi < me' + kh;
i=1 i=1

given that, this inequality is true for each k = 1,...,[, we obtain

U Weyr(3, H') << Weyr(a, H) + (h, Y., h).
BeB(a,A(H,a,8))
O

Remark 6.7 When oo € o(AF — G) is to be considered instead of a € CN
o(AF — G), we put

ANF — G,00,0) := A(F — uG,0,0)
e(A\F — G,00,0) :=e(F — uG,0,9)
where § is adapted to the eigenvalue p = 0 of the pencil in u, F' — uG.

Remark 6.8 In any of the cases 1 and 2, taking
e(AF —G,d) == min e(H,q,0)
aco(H)

we will have that
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|F' — F|| 4+ ||G' = G|| < e(A\F — G, )

implies

nrk(AF — G) < ntk(AF' — &)

and the inequality (iii) for all @ € o(AF — G).

But, even so we will not be sure that \F' — G’ and A\F — G were sufficiently

close as to be able to affirm that

(iv)

U Weyr(8,30) << (h, . 1)

BEKo

where

Ko=C-( |J Bla,AUa,9))

aco(H)

is a compact set.

Tt is easy ti find a safety radius to assure (iv) when oo is an eigenvalue of

the pencil AF' — G, as we are going to see next.

Theorem 6.9 Let H = AF' — G € Ppxn. Let p:= nrk(AF — G). Suppose that

o0 € o(H). Letl:=min{m,n} and let

Ko:=C—( |J Bla,A(H, ,0))).

aco(H)
Let
[ ZlF -G 0
F ZQF — G
2T, ey | O F
L 0

Let M := A(H, 00,8)7 L.

Zk_1F -G
F

0
ZkF*G_

Let e3 := min{ey/2IM,e(H, )} (where (3, ) is given in Remark 6.8).

IfH' = AF' — G’ € Ppyxn is such that

|F — Fll+ 6~ G < &5

then

nrk(A\F — G) < (\F' = @),

r(H) =< v(H') + (h, "), h),
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(i)
s(H) << s(H) + (h, D, h),
(iii)  for each a € o(H)

U Weyr(83,H') << Weyr(a, ) + (h, (., h)
BeB(a,A(H,a,0))

(iv)
U Weyr(8,3¢) << (b, . );
BEKy

where h := nrk(H') — nrk(¥H).
Proof: The notation o, (P, ..., (F,G)) denotes the (kp)th singular value

of the matrix P,,,  ,, (F,G) when they are ordered in nonincreasing order. If
21,.-.,2k € Ky, then by Lemma 3.6 (ii)

rank(P,, .. . (F,G)) =k -nrk(A\F — G) = kp;

SO Ukp(le,...,zk(Fy G) > 0. Thus, given that K(’f is a compact set, we have that
there exist the minima that define 5, and g5 > 0.
Let H' = AF' — G’ € P,,,«n be such that

.....

IF" = Fll + IG" = G| < es.

Suppose that o(H')NKy = {aa,...,aq}. Let k1,.. .,k be integers > 0 such
that k1 + ...+ kq =: k. Then

(kq) (F/ﬂ GI) - P

o aq,

Lt (RG]

oy

loi(F" = F) = (G" = Q)| + ql|F" — F|

q
< F' = FIQ leal) + a(|F' = F[ + |G = G])).

i=1
Given that oo € o(H), the set Ky C C is bounded; even more, for all z € Ky,

2| < M.

Therefore,

q
Z || < gM <IM,
i=1

because ¢ < [.

So,

||Pa1,(].‘.1.)7(11,.4.7aq7(’.€4q.),aq (F/’ G/) o Pa17(I.C.1.),al,...,kq,(’?ﬂ.)?kq (F’ G)H

€2

M 2

<AM||F' — F|| + 2AM|G’ - G| < 2IM
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Due to the fact that

(F,G)),

< P
€2 = Uk:p( al,(l.".l.),ocl ,Qg

(kq)
yeees Qg d

we have that

V(Pal,(’.“.l),al,4..,aq,<{“.‘1.),aq (F,G¢") <v(P g, (FLG)).

k
ozl,(..l.),al,.“,ozq, -y

So, by Lemma 3.6 (i),

Upero Weyr(B,3') << (h, ), h).
O

Remark 6.10 When oo ¢ o(H), the corresponding set Ko C C is unbounded
(although K is a compact subset of C), and we cannot bound the quantity

q
D loul.
i=1
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