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Abstract

Let G be a nonderogatory complex matrix. We find a derogatory
complex matrix that is one of the nearest to G among all possible matrices
obtained by varying only the entries of a bottom right submatrix of G.
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1 Introduction

In this paper we use the following notation. By C we denote the field of complex
numbers, and C™*™ the set of m x n matrices with entries in C. As usual, I,
or I denotes the identity matrix of order n; in particular I; = (1). We always
will use the spectral norm over CP*:

[M||= max ||Mz|z, M € CP*?
x € C1¥1t

lzllz =1

The singular values of a matrix M are denoted by o1(M) > oo(M) > -+ >
or(M), where k = min(p, ¢). It is well known that |M|| = o1(M). The Moore-
Penrose inverse of M is denoted by M and M* denotes the conjugate transpose
of M. And, when p = ¢, we denote by o(M) the spectrum or set of distinct
eigenvalues of M.

Let A € C™*"™; the geometric multiplicity of an eigenvalue Ay of A is the
number of Jordan blocks associated to Ag into the Jordan canonical form of A;
we denote this number by gm(Ag, A). So gm(Ag, A) is the maximum number of
linearly independent eigenvectors of A associated to Ag; this implies that

gm(Ag, A) = dimKer (Ao I,, — A).
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Definition 1 A matriz A € C"*" is called nonderogatory if its characteristic
and minimal polynomials coincide; otherwise it is derogatory [9, p.240].

It can be shown that each of the following conditions are equivalent:
(i) A is nonderogatory.
(ii) There is only one Jordan block associated to each eigenvalue of A.
(iii) For all A € C rank (A, — A) > n — 1.
(iv) The matrices I,,, A, A%,..., A"~1 are linearly independent.

A complex number )\g is called a derogatory eigenvalue of a matrix A € C**™
if gm(Ag, A) > 2. It is clear that a matrix is derogatory if and only if it has
some derogatory eigenvalue.

We denote by D C C™*™ the set of complex derogatory n x n matrices and by
D¢, complement of D in C"*"™, the set of complex nonderogatory n x n matrices.

It is known that the set D¢ C C™"*" of nonderogatory matrices is open in
C™*"™ and that D is therefore a closed set. Then, given a matrix D € D¢, if we
consider a closed ball B(D, p) C C"*", with center at D and radius p, it makes
sense to find the distance from D to the compact set D N B(D, p) of derogatory
matrices in the ball.

The problem of finding

min{||Y — D|| : Y derogatory}

was addressed in [6, Corollary 4.2]. There its authors calculated this minimum
value and also the matrix where it is attained. They obtained the formula

min  ||Y = D|| = mino,_1 (A, — D) (1.1)
Y ecnxn AeC
derogatory

for the minimum and they also proved that if Ay € C is a point where the
function A — 0,1 (A, — D) attains its minimum value, then a matrix Y; where
the minimum of the left-hand side of (1.1) is reached is given by

*
Y1 =D+ Sp_1Un—19,_1 + Spunv;,
where
Siy Ug,y Vg, (’L =n—- 13”))

are the two last singular values and singular vectors of the matrix A\gI, — D.
Moreover Ag is an eigenvalue of Y; with geometric multiplicity equal to 2.

The main result we obtain in this article (Theorem 4.1) generalizes this result
to the case in which it is not allowed varying the whole matrix but only into a
submatrix. Let G be an n X n complex nonderogatory matrix

A B
o= (¢ ),

partitioned into four blocks A € C"t*"1 B € C™*"2 (C € C™2*™ D e Cn2*"2,



We are going to find the distance from D to the set of matrices Y € C™2*"2

such that the matrix
Gy — A B
Y7 \c v

is derogatory (in case of this set is not empty):

min  |[Y - DJ. (1.2)
Gy € D

Also we are going to find a matrix Yy € C™2*"2 where this constrained minimum
is attained.

In order to do that we will use some results from the papers [3], [12] which
point out what are the possible ranks of all the matrices in the form

ny no
L A B mq
GX o (C X) mo ’
by varying X in C"™2*™2 and what is the nearest matrix, of this form, to the
previously fixed matrix
G- A B
~\C D

and such that rank Gx < rankG.
A summary of results from [3, Theorem 3] and [12, Theorem 2.1], which we
need here, is the following theorem.

Theorem 1.1 With the previous notations, let
M:= (I — AATB, N:=C(I —ATA).

and let
p :=rank A + rank M + rank N

Then rank Gx must satisfy
p < rank Gx

for all matriz X € C™2x"2,
Also it is true that there exists a matrix Z € C™2%"2 sych that

rank Gz = p.
Moreover, for all X € C™2%n"2,
rank Gx = p + rank S(X)

where

S(X) := (I = NNT)(X — CATB)(I — MTM)
If r is an integer which satisfy the inequalities
p <r <rankG
then a matrix Xg € C™2*"2 guch that

[[Xo — DJ| = min{||X — D|| : rankGx < r}



is given by the formula
Xo =D — Udiag(O, 00,0541 (S(D)), 042 (S(D)), ..., 0y (S(D))) vV o(1.3)
in which:

(i) p==r—p

(is) U € Cm2xm2 V¢ C"2*"2  qre the unitary matrices which appear in the
singular value decomposition of the matriz S(D):

U*S(D)V = diag (o1 (S(D)). ..., 0 (S(D)), 741 (S(D)), ..., (S(D)) ) € T2

(#i) 1 := min{maz,na}

(iv) diag(al(S(D)), 0 (8(D)), 0p41 (S(D)), .. .,Jl(S(D))) is the ma X na

matriz A = (d;;), not necessarily squared, such that

g {0 if i
K { 0i(S(D)) if i=3j

(v) diag(O, .,0,0541(S(D)), 0p42(S(D)), ..., 00 (S(D))) is the matriz from
(iv) with the change d;; =0 fori=1,...,p.

From (1.8) it results obvious that
min{||X — D|| : X € C™2*"2, rank Gx < r} = 041 (5(D)).

This paper is organized as follows: In Section 2 we address the question
of existence of derogatory matrices in the shape (4 £) with fixed 4, B and C
and variable Y; we will see that a such matrix exists always if the size of Y is
greater than or equal to 2. Section 3 is devoted to an important real function
hn_o defined on a plane domain constituted by R? minus some eigenvalues of
A, if the size of D is greater than or equal to 2; when this size is equal to 1,
the definition set of the function h,_o is a subset of the spectrum of A (so, it
is finite). Section 4 deals with the conversion of the constrained minimization
problem (1.2) in a problem of global minimization of the function h,_s on its
domain. Finally, in Section 5 we consider the related question of finding where
are the derogatory eigenvalues of all matrices ( é B) with Y adequately close to
D; this is linked with the concept of pseudospectrum [10, 11].

2 Existence of derogatory matrices with cons-
traints

Before we consider the problem of finding the minimum of the set

{ly =D|| : ¥ € Cr2x"2, (g 5) is derogatory}, (2.1)

let us seeing if this set is not empty.



Example 2.1 If
0 1]|2
G=| 0 0]3 (2.2)
0 0]0
with A = (33), B = (3), C = (00), D = (0), it is obvious that G is a
nonderogatory matrix because its minimal polynomial is A3. But for all y €

C, y # 0, the matrix

Gy =

oo O

1]2
013
0]y

is similar to the nonderogatory matrix

0 1|0
0 o]0
0 0|y

Therefore, in this case there do not exist derogatory matrices in the form

0 1|2
0 0|3
0 0|y

Let us seeing a second example.

¢~ (o) (23

with A = (0),B =(0),C = (0),D = (2). The matrix G is nonderogatory,
and for all value of y € C, y # 0, also is nonderogatory the matrix

o (32)

The only derogatory matrix in the form
010
0|y
010
00

So in this second example, the set (2.1) only has one element: the number 2.

In these two examples, ny = 1. Let us see that when no > 2, the situation
changes. The following proposition give us a sufficient condition so that the set
in (2.1) is not empty.

Example 2.2 Let

is

Proposition 2.1 Let ny, no be positive integers, let A € C1>*™ B e C™*nz,
C e C"2*™ gnd letn := ni+ns. If ng > 2 then there exist matrices Y € Cn2*"2

such that the matriz N
o— B nxn
Gy = (C Y) eC



is derogatory.

PrROOF: Let Ag be a complex number which is not an eigenvalue of A. Let
Yy = Aolp, — C(Noln, — A)7'B (2.4)
We define

M(Xo) == [I = (Xoln, — A)(AoIn, — A)7H|(=B),
N(Xo) == (=O)I = (Noln, = A) " (Noln, — A)].

Obviously, M (A\g) = 0 and N(\g) = 0. Then, by virtue of Theorem 1.1,
Xol,, —A| -B
—C | Xoln, — Yo )
= rank (Aol,, — A) + rank M (N\g) + rank N (o)
+rank (\oZ,,, — Yo — C(Noln, — A)"'B)
= ny +rank Nolpn, — Moln, + C(Noln, — A)™'B - C(N\oI,, — A)"'B)

rank (A\gl,, — Gy, ) = rank (

As 2 < no, we have n; < ny +ny — 2 = n — 2. Therefore \g is a derogatory
eigenvalue of Gy, and this matrix is derogatory. O

Remark. Note this proposition proves even more: For each A € C \ o(A)
there exists a matrix Yy € C"2*"2 guch that A is a derogatory eigenvalue of
Gy, .

Example 2.3 Let G be the matrix partitioned into four blocks

01 0 010
00 1 010
G=|12 -1 00 <AZ).
00 0 —1]0 ¢
00 0 02

This matrix is nonderogatory because it has simple its five eigenvalues; they are
approximately,

o(G) = {—1.80193, —1, —0.44504, 1.24698, 2}

For all y € C \ ¢(G) we have that the matrix

01 0 010
00 1 010
Gy=|12 -1 010 (A b) (2.5)
00 0 —1]0 cly
00 0 0 |y

is nonderogatory because of it has simple its eigenvalues. There exist only four
derogatory matrices in form (2.5): they are the ones obtained when substituting
y by any of the four eigenvalues A1, Az, A3, Ay of A. That is, for i = 1,2, 3,4,

rank ()\115 - G)\,L) =3



and then ); is a derogatory eigenvalue of G,. So, the minimum

min |y—2|f mln |)\ — 2| =~ 2—1.24698 = 0.75302
€
&

Let us analyze what can happen to be, in general, when no = 1. Let us
suppose given A € C(r=1x(=1) ' ¢ c(n=1)x1 ¢ c C1*(»=1)_ For all A € C and
for all y € C let

M) = [Lh—1— (M1 — AY(M,—1 — A)T] (D),
N := (- c)[ n—1— ()\In 1 — AT, — A),
R(A\y) = (L = NN\ =y = ey = A)Tb) (1 — MA)TM(N)),
p(A) := rank (M,—1 — A) + rank M () + rank N ()

With these notations, by Theorem 1.1, we have

rank ()\In - (’3 Z) ) = rank (AI":;A /\:by> = p(A) +rank R(\,y) (2.6)

Moreover, if A & o(A), then p(A) = n — 1 and by (2.6) it follows that for all
y € C, A is not a derogatory eigenvalue of the matrix

A b
c y/)’
In the case of A € o(A) it must be p(A) > n — 2 because p(A) < n — 3 is not
possible since by (2.6)

rank (AL, — G) = p(A\) +rank R(\,d) >n —1

and
0 <rank R(\,d) <1

so, there are two possibilities: either p(A\) = n—2or p(A\) > n—1. If p(A) =n—2
and y satisfies that
R(X,y) =0,

then A is an derogatory eigenvalue of
A b
c y)’
If p(A) > n — 1, then for all y € C, X is not a derogatory eigenvalue of
A b
c y)’
By summarizing all of preceding statements, we obtain the following propo-
sition.

Proposition 2.2 With the previous notations, for any A € C we define the set
Ny :={y e C: Xis a derogatory eigenvalue of <‘3 Z) }

Then,



(i) If X & o(A), we have Ny = 0.
(i1) If X € o(A), it follows p(\) > n — 2.
(i.1) In the case of p(A) =n — 2,
Ny:i={yeC: R(\y) =0}

IF NONWN = (1) or M(A)TM(N) = (1), then Ny = C; in the
opposite case, X — c(A\,,, — A)Tb is the only element of Ny.
(11.2) In the case of p(\) > n — 1, we have Ny = 0.
Returning to Example 2.3, in the light of this proposition, we see that for

i=1,2,3,4,
p(A)=3=5-2

and as M(A;) =0, N(A;) =0,b =0 and ¢ = 0 we have that
Nki = {)\l}?
A; is the only solution of R(A;,y) =0, y € C.

Let us come back to the general case. Let ni,n2 be any positive integers,
let n =ny+no and let A € Ct*™ B e Cm*"2 C e C"*™_ For each \ € C,
let us denote by N the set of matrices Y € C"*"2 guch that X is a derogatory
eigenvalue of the n x n matrix
A B
(e v)

Ny :={Y € C"**" : rank (A, — (é 5) ) <n—2}

or, with symbols,

For some values of A the set Ny could be empty. Identifying a complex
number y with the 1 x 1 matrix (y), we have analyzed some cases in Proposition
2.2. Let us see another example.

Example 2.4 Let

1= ) m=G 3 e

Let us define

M = _(12_(12_A)(12_A)T)B,
N:= —C(Iy— (I — A) (I — A))

Then, by Theorem 1.1, for all matrix Y € C2%? we have that

rank (1]4 — (é 5) ) > rank (12 — A)) + rank M 4+ rank N = 3

Therefore, N7 = ().



Let, in general,  := {\ € C: N, # 0}. Denoting by N the set of matrices
Y € C"2*"2 guch that the matrix
A B
cCY

N = U N (2.7)

AEQ

is derogatory, it follows that

By (2.4) one can see that if no > 2 then
C~o(A) CQ, (2.8)

but Q can contain eigenvalues of A as we have seen. This is a very significant
question in the sequel.
By Proposition 2.2, in the case of no =1,

Q:={ ea(A): p(A\) =n—2}. (2.9)

Example 2.5 Consider the matrix

0|1 2

G = (é g) = 0|0 3
00 O

We define the matrix
o1 2
A B

Gy = <C Y> = 0lx vy |, (2.10)

0]z wu

and we are going to compute explicitly the minimum of the set

{|]Y - D] : Y e C"**"2, (é 5) is derogatory}.

By Definition 1 we know that the matrix Gy is derogatory if and only if the
matrices I3, Gy, and G% are linearly dependent. Therefore the set of derogatory
matrices Gy is characterized for all complex numbers x,y, z, v that verify the
equality

BIs + oGy = Gy,

for some «, 8 € C, not both zero. Then we have

I) Q@ 2a 0 z+4+2z y+2u
0 B+ax ay =(0 22+yz 2y+yu
0 az 8+ au 0 zz+4+z2u yz+u?

It is obvious that 8 must be zero and also
1
r+2z=a= §(y+2u)

1
yz+u2:au:§(y+2u)



which, for y # 0, implies the relations

among the variables. So the matrices in the form

0 1 2
0 =z 2z,
0 z 2z

for all z,z € C, x # 0, are the only derogatory matrices of shape (2.10) suffi-
ciently close to G.
Then the value

min IGy — G| = min IY — D
Gy derogatory Gy derogatory

is equal to the value

01 2 0 1 2 oy 3
min (0 2 2z|-{0 0 3)|[= min_ <”” ””2 >H
(z,z)eC 0 z 92 00 0 (x,z)eC z z

and it can be explicitly computed by global minimization of a real function of
four real variables, without constraints. As we are using the 2-norm, we have
Y — D|| = 01(Y — D) and its value, computed with Maple is

1
o1(Y — D) = 5(10955— 1224+ 18— 127+ 1027
+2(81 - 1082 — 60T 2Z +542Z — 602 2Z + 16227 — 1087 + 25 2% 7°
—6027T — 6027 + 3627 + 367> + 252222 + 5027 27)"/2) "/
The minimum value of this function, computed with the command minimize

of Maple, is
3

7

Later, in Example 4.1, we will calculate this value once more using the
function h,—2(\), to be defined in (3.8) , as Theorem 4.1 will show.

3 An important real function of a complex varia-
ble

Let

A B
— (n14n2)x(ni1+n2)
G= (C E) cC ;

be an n x n, four block partitioned, nonderogatory matrix. In order to use the
Theorem 1.1, for each A € C we define the matrices

M) = [y = (A, = A)(A, — A)Y](=B),
NQA) = (=C)[In, — (AL, — A)F(AL,, — A)].

10



It is easy to see that the set Q :={\ € C: Ny # 0} before defined is equal to
the set

{A e C: rank (Al,, — A) + rank M (\) + rank N(\) < n — 2}. (3.1)
For all A € Q we define
p(\) :==n — 2 — (rank (A, — A) 4+ rank M (X) + rank N())). (3.2)

By (3.1) it follows that
P 0. (33)

Proposition 3.1 For all A€ Q, p\) <ng—1.

Proor: For all A € C we have

rank < AOITC_ 4 I /\OI;Bi 5 > >n—1. (3.4)
By calling

p1(A) := rank (A\I,,, — A) + rank M () + rank N()\) (3.5)

we have
rank < A‘)ITC* A I " I;B_ 5 > = p1(A) +rank Dy ()), (3.6)

where
Di(A) :=

(Iny = NN - (M, — D — C(AL,, — A)TB) - (In, — M(A)TM(/\()3 .

is an ny X ng matrix. jFrom (3.4) and (3.6) we deduce
ny +n2 — 1 < p1(A) + rank Dy (A);
as rank D1 (\) < nay, we have
ny +ng— 1< pr(A) + na.
This implies that
ni— 1< pi(N);

therefore

pAN)=n14+ns—2—p1(A) <ni+ny—2—(ng —1)=ny—1

Let
hpo: Q@ — R

)\ — Up(/\)Jrl (Dl()\))

be the function that associates to each complex number A € Q the (p(A) + 1)-th
singular value of the ny X ng matrix Dy (A).

Let us assume now that no > 2 which is the most interesting case. Theo-
rem 3.3 summarizes some properties of the function h,_s. Before of giving its
statement, we need some previous results.

(3.8)

11



Lemma 3.2 Let My, My, M3 be n x n complex matrices. Then the following
inequalities concerning their singular values are true:

(1) on(M1) opn_1(M2) on(M3) < op_1 (M1 M2Ms),
(it) on—1(MyMaMs) < || M| || Ms]| op—1(Mz).

PROOF: jFrom a careful inspection of the statement of Theorem 4.10, p. 50, of
[1] it follows inequality (i). From Theorem 4.12, p. 53, of [1] or Problem III.6.5,
p. 75, of [2], it follows inequality (ii). O

Now let
F(\) := A, — D —C(\,, —A)"'B;

here, AI,, — D is a polynomial matrix in the variable A and C(\I,,, — A)"'B is
a strictly proper rational matrix function because

lim C(A\,, —A)"'B=0.

|A|— o0

veen (sus([2 7))

M, —A| -B B
—C M., -D )~

rank (AI,, — A) + rank F'(A) = ny 4 rank F'()),

Moreover, for each

we have

n = rank (

in virtue of formula (7), p. 46, of [9] on the Schur complement of AI,, — A in
AL, —A| -B
—-C | My,—-D )’

rank F'(A) = no

and so det F'(\) # 0. Therefore, we can consider the local Smith form of the
rational matrix function F(X) at Ag, the complex number Ay being an eigenvalue
of A:

Hence,

F(A) = E1(\) diag[(A — Ao)™, ..., (A = Ao) 2] Ea(N), (3.9)

where E1(A) and E5(\) are rational matrix functions that are defined and inver-
tible at Ao, and vy, ..., vy, are integers; these integers are uniquely determined
by F(A\) and Ao up to permutation and do not depend on the particular choice
of the local Smith form (3.9); they are called the partial multiplicities of F(X)
at \g. See Section 7.2, p. 218-219, of [5].

Theorem 3.3 With the previous notations, let us assume ng > 2. Let hy—o :
0 — R be the function we have defined in (3.8). Then

(1) the function h,_q is continuous on Q \ o(A),

12



(i) if Ao € o(A) and the number of negative partial multiplicities of F(X\) at
Ao s greater than or equal to no — 1, then

lim h,—2(A\) = oo,
A— Ao

(i11) if o € o(A) and the number of negative partial multiplicities of F(X\) at
Ao is less than ny — 1, then there exists the limit

Hm fn—a(N),

A—>)\0

and it is a real number.

(iv)
lim h,—o(N) = oco.

|A|— o0

PROOF:

(i) T X e Q~o(A), then
(A, = A)F = (AL, —A)7

and therefore

and from (3.2) it follows
PA) =ni+ns—2—n1 =ny — 2 (3.10)

so that
hp—o(N) = 0ny—1( M, — D — C(M,,, — A)"'B). (3.11)

By virtue of the continuity of the function
A= (M, — A)~!

on C\o(A) and because of being the singular values of a matrix continuous
functions of it, it follows that the function

A= 0py 1 (M, — D — C(\I,, — A)"'B)
is continuous at each point A € Q \ o(A).
(ii) Call A(X) the diagonal matrix
diag[(A — Ao)", ..., (A — Ag)"2]

that appears in (3.9). Applying inequality (i) of Lemma 3.2 to pro-
duct (3.9) we have

Oy (B1(N) Ony—1(A(N)) 0y (B2(N)) < 0ny—1(F(N)). (3.12)
It is easy to see that the singular values of A(\) are

|A7A0|l/1 a"'7|AiA0|UTL2 )

13



(iii)

(not necessarily ordered from largest to smallest). By the hypothesis on
the negative partial multiplicities of F'(A) at Ag, we have that the (ng—1)-
th singular value of A(X) (when ordered in nonincreasing order) is in the

shape
1

A= X"’

with a positive integer p (the number p does not depend on A!) for all A
sufficiently closed to A\g and different from it. Hence,

1
li _1(A = lim — = . 1
i on,m1 (AQ)) = Jim o = 00 (3.13)

As E1 (M) and E5()o) are invertible it follows

)\h—{&lo Ony (El (A)) = Ony (El ()‘0)) > 07

lim o, (E2(N)) = 04, (E2(Xo)) > 0.

)\—>0

Therefore, by (3.13) we have

lim o, (E1(/\)) O—n271(A(>\)) Onsy (EQO‘)) = 005

)\—>A0

from here and (3.12) it follows

lim Ona—1(F(N)) = oo.

)\—>0

Let g be the number of negative partial multiplicities of F(\) at Ag. So,
g < ng — 1. Permuting the elements of the diagonal of A()), if necessary,
we can suppose that

v <0,...,04 < 0,441 2> 0,...,v,, > 0.
Then the singular values of A()) are

1 1
PP W PP WEL

A= Aol LA = Aol (3.14)

In the case of A is sufficiently close to A\g, the numbers

1 1
A= Xo| ™ T IA = Aol e

3

are the ¢ greatest numbers in the list (3.14); thus,
Tns—1(AN) = [A = Xo|* (3.15)

with ¢ an integer > 0 (the number ¢ does not depend on A!).
Taking into account (3.9), (3.15) and inequality (ii) in Lemma 3.2,

ona=1(F(N) - < BN B2V 0np-1(AN))
= NEWI B2 A = Aol (3.16)

14



Given that Ey()\g) and E2()\g) are invertible, ||[E1(Xo)|| > 0, || E2(Xo)|| > 0;
then by (3.16) there exist a real number M > 0 and a deleted neighbour-
hood N of A\g such that for all A € N, we have

Ony—1(F(N)) < M.

From this upper bound and due to the fact that o,,,—1 (F (X)) is an alge-
braic function, it follows that there exists the limit

/\ILH)}O Ons—1(F(N)).

For all A € C N\ o(A), by [8, p.178, Theorem 3.3.16 (c)] we have

|an2_1()\In2 — D —C(ANn, — A)7'B) — 0py1 (M, — D_)l‘ (3.17)
<= CAL, —A)7'B.
As (M, — A)~! is a matrix of strictly proper rational functions in A, we
have
| = C(AL,, — A)~'B|| — 0 (3.18)

when |\| — oco. Given that o,,,_1(A,, — D) — oo when [A| — oo [6, proof
of Theorem 4.1], it follows from (3.17) and (3.18) that

lim opn,—1(An, — D — C(AL,, — A)"'B) = 0.

|A|—o0

(From this theorem it follows that there exists the minimum

in hp_a (). 1
min fi,—2(A) (3.19)

If ny = 1, by (2.9) the set Q is finite; from which the minimum (3.19) exists for
whatever value of ns.

Example 3.1 Let us consider the matrix

(@ 5)

O ol =
O Wk N
= O Ot W

1
0
0
0

Here n —2 =4 —2 =2, Q = C(= R?) and the graphic of the function

f(z,y) = ha(z + yi),

defined in all R?, has been depicted in Figure 1.

The rational matrix function F(A) has no negative partial multiplicity at 1
and at 2. In this case there exist the double limits

lim  f(z,y and lim  f(zx,y),
(z.y)—(1,0) (=.9) (z.y)—(2,0) (=.9)

15
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0o

Figure 1: Graphical representation of the function f(x,y)

f is discontinuous at (1,0) and (2, 0) (both belonging to the spectrum of A) and

min _ f(z,y) = f(2,0) ~ 3.2196
(z,y)eR?
In addition to this, f(1,0) ~ 3.5355, the minimum of f on © \ {(1,0),(2,0)}

exists and

min z,y) ~ 6.0414;
(m,y)EQ\{(l,O),(ZO)}f( y)

what is the meaning of this value? We will answer this question in Section 5
later.

The above example is a very special case because its block C' is zero. Let us
see what happens when this block is nonzero.

Example 3.2 Now we take the matrix

1 1|2 3
AB_02‘45
(CD>_ 13 23 6

07‘04

in which the block C of the previous example has been changed by (103 _72).

Figure 2 represents the function h,_3(\) for this matrix. As you can see, the
function tends to infinity when A tends to the eigenvalues 1 and 2 of the block
A. The rational matrix function F'(A) has one negative partial multiplicity at
its poles 1 and 2.

16
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Figure 2: Graphical representation of the function h,_2(\)

4 Distance to the set of “derogatizing” matrices

Let the nonderogatory n X n complex matrix

A B
¢ (¢ b)
be partitioned into four blocks A € C"*™ B € C™*"2 (C € C™*™ D €
Cm2xm2 and let Gy = (4 £). Let D C C™*" be the set of derogatory n x n

complex matrices. In this section we give a solution for the problem of finding
the minimum of the set

{|]IY - D||: Y eC®»*" Gy €D} (4.1)
by means of the following theorem.

Theorem 4.1 Using the preceding notation, let A € C™*™ B ¢ Cm*nz,
C e Crx™m D e C"*"2 pe matrices such that the n X n matrix

A B
G = < A D)
is nonderogatory. For each A\ € C, let
M) == —[I,, — (M, — A\, — A)T]B,
N\ := —C[l,, — (M, — A\, — A)],

and let ) be the set
{A € C: rank (A, — A) +rank M(X) +rank N(\) < n — 2}.
For each A € ) we define:

17



(i) p(A\) :==n—2— (rank (AL, — A) +rank M(X\) 4 rank N()\)) ,

(ii) Di(N) := (In, = NN - (M, — D = C(AIL,, — A)TB)-
(In, — M(AN)TM (X)),

(ZZZ) hn,Q(A) = O—p(k)-i—l (D1(>\))

Then
min IV = D|| = min hp—2(N). (4.2)
Y € cn2xn2 AEQ
Gy € D

Moreover, if Ao is a complex number where the function h,—s : Q2 — R
attains its minimum value, then a matriz Y1 which minimizes the left-hand side

of (4.2) is given by
Yi:=D+ Udiag(O, ..., 0, Tp(Xo)+1y - -+ ,TnZ)V*, (43)

where U,V € C™*™2 qre the unitary matrices which appear into the singular
value decomposition of the matriz Dy (Ao):

U*Dl()\o)v = diag(ﬁ, N 7Tp(AO)’Tp(AO)+1’ N 7Tnz)- (44)

And N\ is also a derogatory eigenvalue of the matriz Gy, ; in fact, its geometric
multiplicity is equal to 2.

PROOF: Recall that we denoted by A the set of matrices Y € C"2*"2 guch that
the matrix Gy is derogatory.
Let us call

C:={|lY—-DJ|:YeN}
and

Cx:={|Y —DJ: Y eN,\}
for each A € Q. Then, by (2.7)

C= U Cx.
AEQ

Because 0 is a lower bound of C and of Cy for each A € , by [4, Proposition
2.3.6] we have

infC =inf( |J Cy) = inf (infCy,). (4.5)
AEQ AeQ
Moreover, for all A €
infCy = anel}{[lA Y — DJ, (4.6)
since N, is a closed set (due to the lower semicontinuity of the function X +—
rank (X)) .
On the other hand, by Theorem 1.1, for each A in 2,
opn+1(D1(A)) =
min M, —A| -B (A, — A | -B _
X € crzxna -C | A, -D -C | X ;
Mn, —A|-B
rank ( - < ) <n-—2

18



if X € C"*™2 ig any matrix such that

rank( )\In_ICAIXB)gnQ

and we define X’ := A\I,, — X, then X’ € N,; conversely, if X’ € N, and
X := M, — X', then

)\Inl—A|—B
rank( —C | < )gn—Q.

Consequently, for each \ € €, by virtue of (4.7),
My, —A| -B \ (M, -A| -B
—C | AMn,—D —C | Mo, - X’

0 0
0] (M, — D) — (M, — X)

= min || X’ - D|. (4.8)
X'eNy

ap+1(D1(N)) = Xl}leiﬁ&

= min
X'eN

(From (4.5), (4.6) and (4.8) we deduce

min [[Y = DI = inf op00)11(D1(N)

A€Q
= 2 = g e )
Now let A\g € 2 be such that
hn_g()\o) = I)?\(lelgll hn_g()\) (49)
Let 71,...,7n, be the singular values of D;()\g) in nonincreasing order. By

the singular value decomposition theorem, there exist unitary matrices U,V &
Cm2%"2 guch that

U*D1(>\0)V = diag(ﬁ, ey Tp(/\o)va()\o)-‘rlv ceey Tng)-
By definition of h,,_3, see (3.8), we have
hin—2(X0) = Tp(00)+1(D1(X0)) = Tp(rg)41- (4.10)
Next we define
Y1 := D + Udiag(0,...,0, Tp(rg)41s -+ Tna) V™ (4.11)
As the spectral norm is unitarily invariant it follows that
Y1 — DI = [|diag(0, ..., 0, Tp(Ao)+1s -+ oo )|l = Tp(Xo)+1- (4.12)

Still it remains to prove that Y; € N. In fact, we are going to prove that
Y1 € Ny, Indeed, calling A := diag(0,...,0, To(ho)+1r -+ 5 Tna)s

Moln, — A | -B
rank ( —IC | pYy — )

o (okn — A "B o
=ra —C | Moln, —D—UA*® ) =" ™%

19



because, by (1.3), subtracting UAeV* to the matrix Aol,, — D we attain to
lower the rank of the matrix

Ml, —A| -B
—C [ Xol,, - D

to the value

L (Dol —A | -B o
ran —C Aol —D-UAV* ) "=

d

Example 4.1 Now let us illustrate this theorem returning to Example 2.5.
Consider again the nonderogatory matrix

0|1 2
G = (%’%) = (00 3
0(0 O
With the same notations as at the beginning of Section 3 and the ones of last
theorem, we have that if A € C is nonzero, then rank (Al; — A) =1 and M (\) =
0, N(\) = 0; hence, p1(A) = 1. For A = 0, we have 0I; — A = (0),M(0) =
—B,N(0) = 0 ; therefore p;(0) = rank B = 1. So, in this example, Q@ = C. For
all A € Q,
p(A)=3-2-1=0,

and, then, the function h,_2 = h; :  — R is given by

BV ou(=D(Iy — BfB)) if A =0.

We see that

lim hq(A) = lim o1 (M2 — D) = || — D| =3,

A—0 A—0
but h1(0) = 3/v/5. This implies that h; has a removable discontinuity at 0 as
it was announced in the theorem (0 is the eigenvalue of A). As for all A # 0,

we have
A =3 _ 2|/ A24+9+ /36| A2 +81
0 A - 2 ’
then
inf hi(A\) = 3.
AeC~{0}
Hence,

min hi(\) = 3//5.

. A| B \. .
In consequence the nearest derogatory matrix of shape oy ) at distance

A|B
3/ V5 from (T’T) Using the singular value decomposition of

Dy (0) = ( 1(.)2 78.6 )

20



we obtain

U*Dy(0)V = < 3/8/5 0 )

0

(From here, a 2 x 2 matrix Y where the minimum on the left-hand side of (4.2)
is attained, comes given by

Y; := D 4 Udiag(3/v/5,0)V* = ( 1(')2 2(')4 ) .

In fact, the Jordan form of

is

Hence, gm(0, Gy, ) = 2, and Gy, is a derogatory matrix; in addition to this,
Gy, — Gl = 3/V5.

This corroborates what was straightforward obtained in Example 2.5.

5 Derogatory pseudospectrum

Let M € C™*"; we will denote by Sa(M) the set of derogatory eigenvalues of
M. Let G € C™*™ be the nonderogatory partitioned matrix

A B
(e 5)
with A € C"*™ B e C"*"2 C e C™*™ and D € C"2*"2,
Where are the derogatory eigenvalues of all matrices

A B
GY:(C Y>

such that Y € C™2*"2_ig sufficiently close to D? This question is closely related
with the problem treated in Section 4. We would like to find out the geometric
description of the set in the complex plane formed by the derogatory eigenvalues
of all the matrices Gy whose distance from G is less than or equal to a prefixed
e > 0. If £ is less than
inhp—o(A
gnelg n 2( )a

then there is no derogatory eigenvalue of the matrices Gy where ||Y — D|| <
g, because, by (4.2), all these matrices are nonderogatory. So, a necessary
condition for the set

U S2(Gy) (derogatory pseudospectrum of G of radius )
lY-Dj<e
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be nonempty is that
€ > min hy—o(A).
AEQ

It is natural that the derogatory pseudospectrum of G of radius ¢ is equal to
the set enclosed by the e-level curve of the function f(z,y) := hp—2(z + yi).
This fact is consequence of the following theorem.

Theorem 5.1 With the preceding notations, let € > 0 be a real number. Then

U  S2(Gy)={z€Q:hys(z) <e}. (5.1)

Yecn2xn2
Y -D|<e

PROOF: Recall that

Q={AeC:pi(\)<n-2}={AeC: N, #£0}.
<

Let z € Q be such that h,_2(z) < &; then
O'p(z)+1 (Dl(z)) S g. (52)
But
op(z)1(D1(2)) =
. 2l — A | -B 2, A | -B )
X e Craxna —C  |#I,, - D —c [ x )|
2ln, —
rank =

—C )f) sn-2
= Xmin | X" — D|| =X, — D,
"EN.

with X € NV, (what implies z is a derogatory eigenvalue of G X(r)).
Furthermore, from (5.2) we have || Xj — D|| < . Hence

{zeQ:hna(z) <} )  Sa(Gy).

Y =Dl <e

Reciprocally, if 2 € S2(Gx;) for some X € C"2*"2 such that || Xg— D <¥,
it follows that X € N; this implies N, # (), so z € Q. Besides,

, B ()| 0 _
o= Pll= H( e =D =) ’ )

2L, — A | -B (2 A | -B S
—-C |zl —D —C | z2ln, — X} -
p(ay+1 (D1(2)) = hn—2(2);
therefore it implies € > h,,—2(z). Hence

U  S2(Gy)={z€Q:hna(z) <e}.

Y -Dl<e
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Example 5.1 Now we consider again the nonderogatory matrix

(2 2)-

of Example 3.1. Here n —2 =4 -2 =2, ) = C(= R?) and the function h,_» is

112 3
214 5
013 6
00 4

o oo

f(x,y) = ho(z + i),

defined in all R%. The graphic of the surface z = f(z,y) is shown in figure 1.
Moreover, as we say there

min _f(z,y) = f(2,0) ~ 3.2196
(z,y)ER?
In addition to this, f(1,0) ~ 3.5355, the minimum of f on © \ {(1,0),(2,0)}
exists and
min f(z,y) =~ 6.0414;
(z,y)€2~{(1,0),(2,0)} (=:9)
what is the meaning of this value? If ¢ < 3.2196 then the derogatory pseu-
dospectrum of G of radius € is empty, because for all Y € C2*2 such that
IY" — D|| < ¢, the matrix Gy is nonderogatory. If 3.2196 < e < 3.5355 then
the derogatory pseudospectrum of G of radius € consists of {1}. In the case
of 3.5355 < ¢ < 6.0414, then the derogatory pseudospectrum of G of radius e
consists of {1,2}. Finally, if ¢ > 6.0414, then the derogatory pseudospectrum
has positive area. Figure 3 shows these derogatory pseudospectra, the sublevel
region {(z,y) € R? : f(z,y) < e}, for ¢ = 6.060, 6.395, 6.946, 8.000.

Restricted pseudospectrum

Let G € C"*™ be the partitioned matrix
A B
-(e5)
with A € Cm*™ B e Cm*"2 (C € C™*™ and D € C™"*"2, We suppose

n1 > 1,ny > 1. Here G is any matrix, not necessarily nonderogatory.
Where are the eigenvalues of all matrices

A B
GY:(C Y>

such that Y € C"2*"2 is sufficiently close to D? This question is closely related
with the problem treated in the first part of this Section 5. We would like to
find out the geometric description of the set in the complex plane formed by
the eigenvalues of all the matrices Gy whose distance from G is less than or
equal to a prefixed ¢ > 0. The same question, if it is permitted to perturb
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10

Figure 3: Derogatory pseudospectra of G

in all entries of the matrix G, has been studied in [10], [11], with the name of
pseudospectrum of the matrix G of radius € > 0:

U @)
Glecnxn
e’ -G <e
It was proved that
U o(G"Y={2€C:o0,(zI, — G) <&},
Glecnxn

IG"=GlI<e

where o, (21, — G) is the minimum singular value of the matrix zI,, — G.
For every A\ € C , define

A B
L naXnsg . . .
Ny = {YE(C 2X"2 . A is an eigenvalue of < cy >}

and let € be the set {\ € C: N7\ # 0}. Given the matrices A, B and C, can
it happen that for some A € C the set N7  be empty? The answer is affirmative
as we can see that for all y € C

A—1 =2
det< _3 )\_y)(/\l)(/\y)ﬁ,
So if A =1, there is no y such that 1 be an eigenvalue of
112
3 .
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In fact, in this example ; = C~ {1}. Calling for any A € 4, p1(A) asin (3.5)
and D () as in (3.7), it is simple to see that Q3 = {A € C: p1(A\) <n—1}. We
have always C \ o(A) C 24, because for all A € C \ o(4) it follows p1(N\) = ny
and n; <n—1.

Now we define the set Q1) := {Ae C:n; < pi(N) <n—1}. Obviously
QM < Oy, but the content can be strict. For example, given the matrix

31 -2[0 0
04 210 0

G:(ég):005oo,
00 0]6 —4
00 0]0 3

we have that 3 € €, because 3 is an eigenvalue of (4 B); but p1(3) =2 # 3,
so 3¢ Q).
For all A € Q) we define p; (A) :=n—1-p1(A\) and the function

By : Q) S R

by hn—1(A) := 0p, (041 (D1(N)). It is easy to see that this has meaning given
that for all A € Q) 0 < py (M) < ng— 1. Moreover, A € 0(G) NQW if and only
if hp—1(A) = 0. By an analogous way of the proof of Theorem 5.1 we can prove
the following result.

Theorem 5.2 Let G € C™"*" be the partitioned matrix
A B
(e 5)

with A € Cm>*™ B e Cm*"2 (e C™*™ aqnd D € C"*"2, And let € > 0 be
a real number. Then

U oGy)={z€0W :h,1(2) <} Uo(G).

Yecn2Xn2
Y —Dji<e

There is an alternative characterization of the restricted pseudospectrum of
G of radius € > 0
U O'(Gy),

Yecn2xn2

Iy -Dli<e
as
U o(Gy)={2€C\a(G):0n,(R(2)) <c}Uc(G),
s
where

R(z):= |:(0aln2) (zIn = G)™ ( ISZ )T

is the Moore-Penrose inverse of a transfer matrix. See [7, Proposition 2.3, p.
128].
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Conclusions

In [12] it was reformulated a result of [3] that gives in a precise manner how
to find the nearest matrix (& £) that lowers the rank of the matrix (4 5),
by means of ordinary singular values of a matrix related with A, B,C and D
through the Moore-Penrose inverse. Given that many important features of the
Jordan canonical form of a matrix (in particular, the geometric multiplicity of
its eigenvalues) can be formulated in terms of ranks of certain matrices, we have
been able to obtain a solution to related nearness matrix problems from this
theorem.

We have obtained the nearest derogatory matrix ( é B) to the nonderogatory
matrix (4 B) if we perturb only in D. Also, we have established the relation of
this last problem with the question of where are the derogatory eigenvalues of
matrices (4 8) with Y adequately close to D.
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